ONTUMIBAL[IS OBYUCIIEHD TA OBUYMCJIIOBAJIbHUAN EKCITEPUMEHT

KIBEPHETMKA
ta KOMIT'IOTEPHI
TEXHONOTi

Posensioaemocs onepayis nionecenns 00 Keao-
pamy N-po3psonoeo uucna, saka € 0OHIEI 3 OCHO-
6HUX onepayii wudpysanns, oewmuppysanHs, ee-
pugirayii kmouie acumempuynoi Kpunmozpapii,
ma 6i0 weuoKoOii AKOI 3anexcumv uBUOKOOis
acuMempudHux Kpunmocpa@iunux npocpamHo-
anapamuux KOMHUIEKCie. 3anponoHo8ano aneo-
pumm peanizayii onepayii nionecenusi 00 K@ao-

pamy N-pospaonozo uucaa (N =2", N > 4) ona
00UUCTIEHHsl SIKO20 HEeOOXIOHO BUKOHAMU GiCiM
onepayii MHOdCeHHs Yucen 00excuno NI4 pos-
PpAdi6 (Mpu 3 AKUX € onepayisimu niOHeceHHs. 00
K68aopamy), wo Ha 00OHe MHONCEHHS MeHUle HIdHC
y memooi Kapayybu, sxuii euxonyemucs pexyp-
CUBHO. 3anpononosanull ancopumm 3MeHULYE Ki-
JbKiCmb onepayitl MHOJCEHHs. 34 PAXYHOK CHpO-
WeHHs CIPYKMYPU YUCIA, AKA 00CAAEMbCA 3a-
605IKU WIMYYHIU NOBMOPIOSAHOCMI YACMUH YU-
cna. Hagedeno npuxiad obuucnenns onepayii ni-
OHeceHHsl 00 kgadpamy 4-x po3psi0Ho20 yucia Ha
OCHOGI 3anpPONOHOBAH020 MemOody. 3anpononosa-
HULL Memoo modice Oymu GUKOPUCHAHO PEeKYPCU-
6HO, € 3pYUHUM 0151 PO3NAPANETIO8AHHA Y PaA3i pe-
anizayii na 6a2amonpoyecopHux cucmemax.

Knrwwuoei cnosa: bacamopospsoua apugpmemuxa,
b6azamopo3psione MHOdCeHHs, bazamopo3psione
nioHecenHss 00 Keadpamy, 6azamopospsoHe nio-
HeceHHs. 00 Keaopamy 3a MOOYIeM, dCUuMempu-
yHa Kpunmozspaqghis, napaiervHa mooens obyuc-
JIeHb.

© A.M. Tepemenko, 2025
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Beryn. Ha nanmii uac 6e3nexa Ta KoH(iIEHITIITHICTD JaHUX
CTa€ HaraJbHUM BHKJINKOM HeE TiJIBKH IS PUBATHHX OCi0,
a 1 Ha nepxaBHOMY piBHI. PiBeHp kibeparak BHpic Ha
CTUTBKH, 110 XaKePHU MOXKYTh BUBOJIUTH 3 JIaJy CEPBEpPH,
3MIHIOBAaTH JIaHI Y XMapHUX CXOBHUINAX, IO YHEMOXKIIHB-
JIF0€ POOOTY IIIMX JEPKAaBHUX OPraHiB Ha TPUBAIUN Tie-
piox, mo notpedye 3HAYHUX 3YCHIIb Ha BITHOBIICHHSI Pecy-
pciB. KibepaTtaku cTaroTh GBI OPTaHi30BaHUMH Ta BUOI-
pKoBUMH. BHKOpHCTaHHS acHMETPHYHMX Kpunrorpadid-
HUX [porpamMHoO-anapaTHuX komiuiekciB [1-3] crae
000B’SI3KOBUM €JIeMEHTOM 3axucTy. llIBuakozis acumer-
pUYHUX KpunTorpadidHuX omepamid Takux, sK MUppy-
BaHHA, JAemM(pyBaHHs, BepUQiKallii KIIOYiB, 3aJICKUTh
BiJl IBUIKOI OTIeparii mixHeceHHs 0 KBaApaTy 32 MOJIY-
neM. BUKOpPHCTOBYIOUM MIBUAKI METOMH, OTIEpAIlisl ITiTHe-
ceHHsl 10 kBaapaty N-po3psHoro gmcia Moxe OyTH BUKO-
HaHa 3 MCHIIOK CKJIQJHICTIO HDK Ormepallisi MHOKCHHS
nBoX N-pOo3psiAHUX YuCel.

o 1962 poky BBaxkajocs, 110 OI[iHKa CKJIQJIHOCTI OTle-

pamii muoxenus N 2 _ ONTHMAaJIbHA, aje MyOsiKalis
A. Kapamy6u [4] mokasana, 1o MHOKEHHS TBOPO3PSITHUX
qrcen Moke OyTH BUKOHAHO 3 BUKOPHCTAHHSM TPhOX MHO-
JKEHb 3aMICTh 4oTUPhOX. MeTon KapaiyOu OyB momToB-
XOM JUIS TIOIIYKY HOBHX IIBHJKUX aJITOPUTMIB pearizamii
OaraTopo3psAHOi onepalii MHOKEHHS, SKi 3HAYHO IPUCKO-
PIOBAJIM BUKOHAHHS JITOPUTMIB, CIIPOLLYBAJIH peaji3alito
Ha MIKpONpoLecopax Ta 3a0lIa/pKyBajl BHUKOPHUCTaHHS
eneprii [5-11]. Pi3Hi mBHIKI alropuT™MH 06aratopo3psii-
HOTO MHOKEHHSI Ta MIHECEHHS J0 KBaJpaTy MaroTh Pi3Hi
niama3oHn e(EeKTHBHOTO BHUKOPUCTAHHS, IO 3BYXKYE IX
e(eKTHBHE BUKOPHCTAHHS Ta ONTHUMI3AII0 TUIBKH Y IHX
niamazoHax. ToMy A7si mOJaIbIIOTO IPUCKOPEHHS OaraTo-
PO3PSAHOrO MiHECEHHS 70 KBajapary y OijblIoMy Aiama-
30H1 4KCell iCHy€e HaranbHa notpeda y po3poOii anropur-
MiB, BAKOHAHHS SIKUX MOXe OyTH po3napaieseHo.

V naniii poOOTI PO3MIISIIAETHCS METO/I peatizallii ornepa-
i1 IMiJHECEHHS /IO KBaJIPAaTy, IKUH JI03BOJISIE 3MEHIITUTH Ki-
JIbKICTB OTIepalliii MHOKCHHS Ta ITIAHECEHHS 0 KBaIpary.
MerTona € 3pydHUM A7l pO3NapasieNiOBaHHs, 10 301IbIIye
Horo aiana3zoH eeKTUBHOTO BUKOPUCTAHHS.

ISSN 2707-4501. Cybernetics and Computer Technologies. 2025, No.1 43


https://doi.org/10.34229/2707-451X.25.1.4

AM. TEPEIIEHKO

IHocTanoBka 3aaaui. Hexaii 4-po3psigHe 9rcIIo MpeIcTaBiIeHe y BUTIISAIL
Uy =Ug+U - W +uy W2 +ug- W3 w =2,

Je (O — JOBXHMHA MAallMHHOTO po3pany y 6itax. Toxi omeparis migHeceHHs O KBaApaTy MoKe OyTH Mpe-
CTaBJIEHA y HACTYITHOMY BHTJISII:

2

Ua)* = 2w W | =D W) +23) 37 (ueuy Wi, w=2, &)
i=0 i=0 i=0 j=i+l

Je (O — JOBXHHA MalTMHHOTO PO3psAay Yy OiTax.

Jnst obuncnenss (1) HeoOXiTHO BUKOHATH YOTHUPH OJHOPO3PSTHI omeparlii ImiTHECeHHS 10 KBaApaTy
Ta MICTh OJHOPO3PSIHUX OIEpallili MHOKEHHS. 3arajioM HeoOXimHO BukoHatu 10 omepaiii MHOMXCHHS.
Omnepariito MHOXKEHHSI Ha YUCIIO 2 HE BPaXOBYEMO, TaK K Taka OMepallisi Moxe OyTH 3aMiHEeHa Orepalieio
J0/TaBaHHSI.

BuxopuctoByroun meton Kapaiyou pexypcuBHO, OOUHCICHHS OTeparlii MmiJHeCeHHs 10 KBaapaTy 4-
PO3PSAHOTO YHCIIa MOYKHA BUKOHATH 33 9 OJTHOPO3PSITHHUX OTepalliii MHOKEHHS.

HeobxigHo moOymyBatn anroputM oOUYHCICHHS OIeparii miIHeCeHHs 10 KBaapaTy 4-po3psIHOTO YH-
cna, IKMi BUKOPHUCTOBYE § OJHOPO3PSIHUX OIepaliii MHOKEHHS, TPH 3 SIKHX IIe OTeparii miJHeCeHHS /10
KBaJpaTy.

Heo0xigHO oTpUMaTH OLIHKY CKIIQJHOCTI PO3pOOICHOr0 METONY MiAHEeCeHHs 10 KBaapaTy N-po3psa-
HoOro urcna. OTpuMaHy OIIHKY CKJIaTHOCTI BUKOPUCTATHU TSI IOPIBHSHHS PO3POOIICHOTO METOY 3 METO-
nom Kaparryom.

IlinHecenHs 1o kBagpaTty 4-po3psigHoro ymcJiaa. PosrisiHemo Teopemy.

Teopema 1. O0uncnenHs onepauii nigHeceHHs yucina U, =ug + Uy -W +u, -W 24 us -W % 510 kBazpary,
me 0<u; <W, N=2",n>2, W =2% @ — 10BXKHHa MAalIMHHOTO PO3psy y 6iTax, moTpedye TpU OHO-
PO3ps/IHI Ollepallil MmiJHECEHHS 10 KBaIPaTy Ta I’ SITh OJJHOPO3PSITHUX OMepalliii MHOKEHHS.

Jlogedenns. BBenemo nonatkosi uncna a, a;, by, by, mod orpumaru npocrimry crpykrypy uncna U,

34 paxyHOK HOBTOp}OBaHOCTi YaCTUH 4Yucjia. I[J'If[ ObOTO0 NpeACTAaBUMO YUCIIO U4 y BI/II‘J'IH,I[i BCKTOpa-

CTOBIIIIA:
W [ s wR
u, -W?2 a + W2
U4= 2 . _ (1 bl) . ,szw, (2)
up-W (ag+by) W
uW? | | o WO

e ® — JOBKMHA MAIIMHHOTO po3psiay y 6itax; 0<ay,a <W ; W <by,by <W ; by=u —ay, b =u, —a;,
ay =Uy, & =Ug. Take mpeacTaBlICHHs y BUIIIAAI BEKTOPA-CTOBIIL HE BUKOPUCTOBYETHCS ISl BEKTOPHUX
oriepalliii, a TITbKH JUIs TIOJIETTIEHHS Bi3yallbHOTO CITPUAHSTTSI BUPa3iB.

Yucna by Ta b, MoxyTh OyTH Big €eMHHMH, 110 TOTPeOy€ NOAATKOBHX ONEpPaNiil JUIs BpaXyBaHHS 3Ha-

KiB IepeHocy abo 3amo3nuueHHs. AJie Taki orneparii peai3yloThes 3a paxXyHOK JOAAaTKOBHUX OIepalii goaa-
BaHHs Ta BiIHIMaHHS, IO HE BIUIMBAE HA 3arajbHy KUJIBKICTH OINEpaliii MHOKEHHS 1 y JaHiil TeopeMi He
PO3IIISIAOTHCSL.

[lignecenns g0 kBazapary (2) MOXKHA MPEICTABUTH y BUTIISAL BEKTOPA-CTOBIILIS:
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- N2

a W3
(ag +b) W2 :Hal'w}.WZ J{bl'w]w +{aO'WD2.
(ag+bp) W* & by )
L& WO

ITicnst po3KPUTTS AYKOK OTPUMYEMO BHPA3:
2 2 2
a, W ‘W ‘W
& 2 bo

S e N S
& a & by | o by

IIpoioBxKyr0UM PO3KPUTTS AYKOK, OTPUMY€EMO HACTYIIHUN BUPA3:

(af ‘W2 +2-af W +a?)-W*+
+(@2 - W2+2-a2-W+a2)+
+(bZ ‘W2 +2-b -by -W +b3)-W2 +
+2-(a-ag-W2+2-a-a,-W +a,-35) - W? +
+2-(ay b W2 +ay - (bg +by)-W +ag-by)-W?3 +
+2-(ag-b - W2 +ag-(by +by)-W +ag-by) W .
Pozkpuemo ayxku ans oduncinenss crernenis W:
a’ -Wé+2.a2.W°+a? - W*+
+a§ 'W2+2-a§-W +a§+
+b12 -W4+2-bl~b0-W3+b§ W2+
+2.a-ap-W*+4-a-a)-W3+2-a,-a, W2+
+2-a-b W2 +2-a,-(by+by) - W*+2-a,-by W3+
+2-a5-b -W3+2-a,-(by+b)-W2+2-a,-by-W .
3rpymyemMo oaHku 3a crernensmu W:
af -W6+2-al-(al+bl)-W5+
+(@2 +b2+2-a -2 +2-a,-(by +by)) - W* +
+(2-by by +4-a-ay+2-a,-by+2-a5-b) W3+
+(@2+b%+2-a-ay+2-ay-(by +by)) W2+
+2-a0-(a0+bo)-W+a§.
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3poGumo 3aminl My = (8y)?, Mg = (a)?, m =2-a5-(ay+by), mg=2-a (a8 +b) Ta orpumaemo
HacTyIIHUI BUpPa3:
mg -W6+m5 WO+
+(m6+b12+2-a1-a0+2-a1-(b0+b1))-W4+
+(2-b by +4-a-ay+2-a -by+2-ay-by) W3+
+(mg +bZ +2-a,-a9+2-ag- (b +1y)) - W2+
+m W +mg.
BukopucTaemo HacTymHi Bupasn My, =2-(ay +hy) - (8 +by), mg = (ay +a7)? y myxkax ams W2, W2,
W* Ta orpumaemo Hactymue:
mg -W® +mg -W> +
+(mg +b2+m; —2-by-by—2-a,-b +2-a,-b)-W* +
+(mg—my —mg +m,)-W3 +
+(mg +bZ+m; —2-by-b —2-by-a +2-by-a9) W2+
+my W +m.
Beenemo Bupazu m, =by - (2-a5+by—2-a —2-b), my =b - (2-ay +by —2-ay —2-by) Ta ocrarouno
OTPHMA€EMO BUPA3H:
mg -W° +mg-W° +
+(mg +m, +m;) W4+
+(my—my —mg +m;)-W?3 4+

+(mg +m, +m;)-W2 +

+m W +mg, (3)
ne
Mo =(ag)®; My =2-8y-(ag +1p);
me = (a)*; Mg =2-2-(a +by);
my =By (22 +By ~2-3 ~2-B):
my=by-(2-a +by—2-ay-2-y);
Mg = (ag +a)%; My =2- (8 +by)- (3 +by). 4)
V Bupasi (3) BUKOPUCTOBYIOThCS 3HAYEHHA M, | = 0,7, OTpUMaHi 3 BUKOPUCTAaHHIM BOCHMH OITEpaIlii

MHOXEHHS (4), TpH 3 SIKUX My = (30)2 , Mg = (al)2 , Mg =(ay + al)2 1€ omepallii ImTHeCeHHS IO KBaapaTy.
Y dopmyii (3) oneparliii MHOXKEHHS Ha 2 MOXKYTb OYTH 3aMiHEHI OIEepaIlisiMHU 10IaBaHHS.

TeopemMy 10BEAECHO.

AJITOPHUTM MiTHECEHHA N0 KBAAPaTy 4-X pO3psiAHOTO YHCJIA.

Ha ocHoBi Bupasis (3), (4) MoxHa OOYAyBaTH aJITOPUTM ITiJJHECEHHS 10 KBaJIpary.

Aaroputm 1. [TinHeceHHs 10 KBagpaTy 4-X pO3PSAHOTO YKCTIA.

Bxinni nauni: U 4 — 4-po3psnHe uncno, B — ocHoBa uncieHHs.
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PesyibTat: Rg < (U,)?.
1. IligroroBka naHux:
ao<—uo;
a1<—u3;
by <= Uy —ap;
2. MHoxeHHS:
My « (39)?;
Mg < (a)%;
my < 2-ay- (a9 +p);
ms<—2-a-(3 +0);
m, <—by-(2-a5+by—2-a —2-y);
my«b-(2-a +b—2-a5-2-y);
My < (8 +ay)?;

My «2-(ap +bo)- (& +by) -

3. OOuYHnCIEeHHS eIeMEHTIB pe3ylbTaTy:

fo < Mo,
<My
I <My +My +My ;
I3 <=Mz =My —Mg +My;
Iy < Mg +M, +my;
g < Mg ;
g <— M.
4. ®opMyBaHHS pe3yNbTaTy:
Rg < (I, 1. 10,153, 14, 15,15, 0) .
5. KoperyBanHs pe3ynbrary:
i (h)g, fin < +[5/B,i=06.
IMo3naueHHs B aITrOpUTMI.
ay < Uy — orepallis «CTpiJKa BIiBO» BiIPI3HAETHCS BiJl onepallii «=» Ta BAKOPUCTOBYEThCS B allTOPHU-
TMi ISl TO3HAYEeHHS! OOUMCIICHHS BUpa3y 3 IPaBOro OOKy Ta 3aHECEHHSM PEe3yJIbTaTy B KOMIpKY, fKa BiJl-
nosizae enementy 3nisa. pukan: my < (ag)°.

[opsimox BUKOHaHHS Omepaliii BU3BHAYA€ThCS CUMBOJIAMH «,» Ta «;». CHMBOJ «;» IUINTH omepalii Ha
rpynu onepariid. ['pynu onepariiii BAKOHYIOThCS 3J1iBa HanpaBo. CUMBOJI «,» JIUIHTh Omeparlii BcepeInHi
rpynu onepaiiii. Onepariii, po3/IiJieHi CHMBOJIOM «,», BUKOHYIOThCS CIIpaBa HaJIiBO Ha BIJIMIHY BiJ| oriepa-
il, PO3AUICHUX CUMBOJIOM «;». Y HaBeleHoMy mpukinanmi 4, 3, 2, 1; 6, 5; 10, 9, 8 HyMmepaliis BianoBiae

MOPSIAKOBOMY HOMEPY BHKOHAHHS omepauii. Y HacTymHOMY MpHKIaai I < <I’i>B, IR (] +|_ri / BJ,
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i =0,6 3MiHa 3HAUEHHS eNIeMEHTy [j <— <ri >B BUKOHYETHCS B OCTAHHIO Yepry, CIIOYaTKy 3HAU€HHs [; BUKO-
PUCTOBYEThCS 1715 OOUMCIIEHHs [ 4, 110 BiAOyBaeThes y Mkl i =0,6.

Ipukaaau 00U cIeHHS aJITOPUTMY MiJTHECEHHS 10 KBAAPaTy 4-X PO3PSAJAHOIO 4YMCJIA.
Mpuknan 2. PizHopigna cTpykrypa ymcna [12].

OO6uncienHs oreparii mgHeCeHH 10 KBaapaty umncia 123510 BiamoBigHo 10 AnroputMmy 1.
Bxinni nani: U, < (5,3,2,1), B=10.
Up=5,u=3,U,=2, uy3=1.
1. IligroroBka naHux:
ay <Uy=5;
& Uy =1;
by U —8y=3-5=-2;
b «<u,—a=2-1=1.
2. MHOXCHHS:
Mo < (ag)? =5-5=25;
me < (a)? =1-1=1;
m «2-85-(ay+by)=2-5-(5-2)=30;
Mg «—2-a-(ay+b)=2-1-1+1)=4;
m, < by-(2-ag+by-2-9y-2-b)=-2-(2.5-2-2-1-2-1)=-8;
my «b-(2-a+b-2-a5-2-)=1-(2-1+1-2-5-2-(-2))=-3;
My < (89 +&)% =(5+1)° =36;
m;, < 2-(ay+by)-(ay +by)=2-(5-2)-(1+1) =12.

3. OOuYMCIIEHHS €JIEMEHTIB pe3ynbTaTy:

lh<—My=25;

< m =30,

r,<my+m, +m, =25-8+12=29;

Mg —My—Mg+my, =36-25-1+12=22;

r,<mg+my+m, =1-3+12=10;
Iy < Mg =4,
g < Mg =1.

4. ®@opmyBaHHS pe3yibTaTy:

Rs < (25,30,29,22,10,4,1,0).

5. KoperyBanHus pe3yibTary:

fo < (To)yp =(25), =5, <1 +| /B |=30+| 25/10|=32, i =0;
b (f)y, =(32), =2, <+ /B |=29+|32/10]=32, i=1;
< (I2)1g=(32);g =2, 13+ 1/B|=22+|32/10|=25, i=2;

3 (fg)yg =(25)1g =5, 1 <=1 +| iy/B |=10+[ 25 |=12, i=3;
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r4<—<r4>10:<12>10=2, Iy« I5+| 1, /B |=4+[12]=5, i=4;
r5<—<r5>10=<5>10=5, s < Is +|_|’5/BJ=l+L5J=l, i=5;
r6<_<r6>10=<1>10=1, 7 < +|_r6/BJ:0+L1J=O, i=6.

OTpumyeMo:
Rg «(5,2,2,5,2,5,1,0).

IMepesipka pesynbraty 123510+ 123519 = 01525225.
CkanaaHicTs onepauii mitHeceHHs1 10 KBaapaty N-po3psiiHOro Yuc/ia 32 KiJIbKiCTIO 01HO-

PO3PAIHMX MHOXKEHb. PO3risHeMO HaCTyIHY TeopeMy.
Teopema 2. 3arajibHa KiJIbKiCTb OJJHOPO3PSAHUX ONEpalliii MHOXKEHHS Y BUIIICHABEICHOMY aJlTOPUTMY

nignecenns 10 ksaapary N-pospsanoro uucna (N =2", N>2) moxe OyTH OlliHEHa HACTYIIHUMHU BHpa-
3aMH PEKypPCHUBHO:

Of =3-0f/4 +5-Onya.
Oy =3Oz,
0¢=0,=3, 0/ =0, =1, (5)
ae O,%, , 04 /4 0z, 012 — OLIHKHM CKJIaJIHOCTI Omepallii miIHeceHHs 10 KBaapaTy 4yucen qoBxuHo N, N/4

pO3pALiB, 2 po3psau Ta 1 po3psia 3alpOITOHOBAHUM METOIOM; O;:] , 0:1/2’ O;, Of — OI[IHKA CKJIAJTHOCTI
MHOKEHHS 1BOX uwrcel 1oBxuHOI0 N, N/2 po3psiis, 2 pospsiau ta 1 po3psia merogaom Kapairyou.
Hoseoenna. IpencraBumo uncino Uy y BUNIISAAI BEKTOPA-CTOBIILISA:

V,-P? A p3
U _|V2 PP _| (A+By) P?
N — - ]
V; P (A +By) P!
Vo-P'] | A P? |
N/4-1

Vi= 2, Uiy W, j=03,
i=0
ne P=WN* W =2° o — 1oBxuHAa MalIMHHOTO po3paLy y 6itax; 0< Ay, A <P; -P<B,,B, <P;
By=Vi—A, B =V,-A, A=Vo, A=V;.
Sk noBeneHo y TeopeMi 1 migHeceHHs 10 kBajpary uncina U, moTpeOye BUKOHAHHS HACTYITHUX OIe-
pariii:

my = (39)%; My =2-8g- (8 +p); My =Dy -(2-8g +by—2-a -2-y) ;
me = (8)° ; My =2-8-(ag+by); my=D-(2-8 +b -2-2)-2-by);
ms = (8 +a)?; m; =2-(8g +1yp)- (8 +by).

Jns obumcnenHs My, Mg, Mg HEOOX1IHO BMKOHATH TPH OmNepalii MiJHECEHHsS JI0 KBaApaTy 4HCeEl
nosxuHO0 N/4 pospsanis. Jlnst obuncnenss m;, m,, M,, Mg, M; HEOOXiTHO BUKOHATH II’SATh ONEPALlii
MHOX€EHHs uncel 1oBkuHo0 N/4 pospsais metogom Kapairyow.
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Jns obumcnenns My, My, Mg MOXKHA BUKOPUCTAaTH TeopeMy 1 pexypcuBHO. [l miJHECEHHS 10 KBa-

JpaTy KOKHOTO 3 4nces T0BXHHOI N/4 po3psiaiB MOTPiOHO BUKOHATH TPH OTEPAIlii MiAHECEHHsS 10 KBaJI-
pary uucen nopxuHoo N/16 (N> 16) pospsimiB Ta m’sTh omnepariii MHOKEHHsI 4yrcesl ToBXuHO N/16
(N > 16) po3psmis.

MHuosxeHHs Ha uncio 2 'y dhopmyii (3) Moxke OyTH 3aMiHEHO Ha OTiepallii JoAaBaHHs, TOMY Taki orepa-
11ii He BPaXxOBY€EMO.

OriHkKa CKJIaTHOCTI OK‘ =3 OL /2 Metony Kapaiy6u € BiomMo1o i He HoTpeOye 10BEAEHHS.

Teopemy noBeaeHO.

IopiBusanHs MeToaIB. BukopucTtoByroun Bupasu (5), 0TpIMaeMO 3araiibHy KiUTBKICTh OJTHOPO3PSTHIX
MHO’KEHb, HEOOXITHHX /IS peani3allii orepamii mIHeceHHs 10 KBaapary ducen JOBKUHOI N po3psiib.
KoedinienT npuckopenHs oneparii miHECEHHs 10 KBaApaTy 3allpolOHOBaHUM METOOM y TOPIBHAHHI 3
MetosioM Kapairyou B 3anexHocTi Big N HaBeZieHO y TaOHIIi.

TABJINLIA. TlopiBHSHHS OLIHOK CKJIAJHOCTI OMepalii miJJHeCeHHS O KBaJpaTy 3alpollOHOBAHUM METOJIOM Ta METOJIOM
Kapany6u uucen noBxuao0 N po3psIiB 3a KiTbKICTIO 0JTHOPO3PSAHUX MHOKEHb

i [ligHeceHHs 10 KBaapaTy, « n 5 [
N=2 02 =3-02,, +5-0fy4, n1a N> 4 Meron Kapary6u, Oy =3 ON/ON
1 1 1 1
2 3 3 1

4 8 9 0.8888
8 24=3-3+5-3 27 0.8888
16 69=3-8+5-9 81 0.8519
32 207=3-24+5-27 243 0.8519
64 612=3-69+5-81 729 0,8395
128 1836 =3 -207 + 5 - 243 2187 0,8395
256 5481=3-612+5-729 6561 0,8354
512 16443 =3 -1836 + 5 - 2187 19683 0,8354
1024 49248 =3 - 5481 + 5 - 6561 59049 0,8340

3 tabu. 1 BugHO, mo it N > 4 koediieHT npuckopenns oyzae Bia 11 % m0 16 % 31 30uibinenHsM N.
BucHoBku. Y po0OOTi 3a1IpONOHOBAHO METO/T peati3allii orneparii mIHeCeHHs 10 KBaApaTy YUCIa J0-

sxunoI0 N pospsanis (N =2", N >4) 3 moxusicTio posnapaienenns. [lokasaHo, mo 1yis 4-X po3psaHOro
Yrcia oreparis MiIHeCeHHs 10 KBaApaTy Moxe OyTH BUKOHaHA 3 BAKOPUCTAHHSM BOCBMH OJHOPO3PSTHHX
orepaliii MHOKEHHS, 1110 Ha OJIHE MHOXXEHHs MeHIe HiX y meroni KapamyOu, sikuii BUKOPUCTOBYETHCS
pexypcuBHO. [1ist 4-X pO3pSAHOTO YMCIIa PO3pOOICHUI METOT TOTPeOye TPU OTHOPO3PSIIHI orepartii miji-
HECEHHS JI0 KBaJpaTy Ta IT’SITh OJHOPO3PSIIHUX ONepalliii MHOKEHHsI. Y poOO0Ti HaBeJIeHO alrOpUTM pealti-
3awii onepauii migHECEHHs 10 KBaApaTy 4-X pO3pAIHOro 4yucia Ta HaJaHO NPUKIa] 00UHCICHHS alropu-
T™y. [IpoBeneHa omiHKa CKIaJHOCTI 3a[POIIOHOBAHOTO METOAY JUIs Yncelt 10BKUHOI0 N po3psiaiB Ta moka-
3aHO, 110 O0YMCIIEHHS MOKe OyTH BHKOHAHO Ha OCHOBI TPHOX IMiJJHECEHb JIO KBaJPATy YUCEN JOBXKHHOO
N/4 po3psiziB Ta 11’ SITH MHOXEHB Ykcelt TOBKHHOI N/4 po3psiiB. 3anponoHOBaHUIT METOT MOKE OYTH BH-
KOPHCTaHO PEKYPCUBHO, 11O ITiIBUIIYE MOXKIIMBOCTI 3 po3MapalietOBaHHs peati3allii onepariii miiHeceHHs
JI0 KBaJpaTy BeNUKUX uucel. [IpoBeieHo MopiBHIILHUI aHAi3 3alpOIIOHOBAHOTO METOy Ta MeToy Ka-
paiyOH 3a KUJIbKICTIO OJHOPO3PAIHMX MHOXKEHb B 3aiekHOCTI Bijg N. [TopiBHsAIBHMN aHAI3 MIOKa3aB, 110
s N >4 xoedinienT npuckopeHHs ckianae Bix 11 % mo 16 % 3i 30ibIIeHASM JOBXKWHU yucia. J{ns
MEPEBIPKH pe3yIbTaTy OOUYHCIICHHS pealli3oBaHo Y BUTIISII alropuTMy-niporpaMu SquaringNumber2aa Ha
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MoBi iporpamyBaHHs APL. Pe3ymnprati po60TH MOXKYTh OyTH BUKOPUCTaHI U PO3POOKH IMIBUAKHIX aJIr0-
puTMIB Oaratopo3psaHoi apu(METHKH Ta s pealtizallii oneparii miHeceHHs 10 KBaApaTy BETUKHAX YHCEI
y MIKpOCXEMHOMY BUKOHAHHI.
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Betyn. Ha nanuit yac Ge3neka Ta KOH(IISHIIHHICTh JaHUX CTa€ HaraabHUM BUKJINKOM HE TiJIbKH JUIS IPU-
BaTHUX 0Ci0, a 1 Ha iep)kaBHOMY piBHi. PiBeHb KibepaTak BHpic Ha CTIIBKH, IO XaKePH MOXKYTh BUBOAH 3 JIALy
CepBepH, 3MiHIOBATH J1aHi B XMapHHUX CXOBHIIAX, 1[0 YHEMOKIIUBIIIOE pOOOTY LINNX JeP>KaBHUX OPraHiB Ha TPHU-
BaJTWiA IepioJ1, o NOTpeOye 3HAYHMX 3yCHJIb Ha BiTHOBIIEHHS pecypciB. KibepaTaku cTaloTh OLTBII OpraHi3oBa-
HUMH Ta BUOIPKOBMMHU. BUKOPHUCTaHHA acCHMETPUYHHUX KPUNTOrpadidHUX MPOTrPaMHO-aNapaTHUX KOMIUIEKCIiB
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AM. TEPEIIEHKO

cTa€ 000B’A3KOBUM €JIEMEHTOM 3axucTy. LIIBUKO IS acCUMETpUUHUX KpUNTorpadidyHuX onepanii Takux, K HId-
(dbpyBanHs, nemudpyBanHs, Bepuikamil KIro4iB, 3aJIeKUTh BiJl MIBUIKO/IIT Onepallii miJHeCeHHs 10 KBaJpaTy
3a MOAyJIeM. BUKOpPHCTOBYIOUH IIBHIIKI METOIH, OIIEpalis TiTHECSHHS 10 KBaApaTy YUciIa JOBXUHOI N po3ps-
JIiB MOXKe OYTH BUKOHAHA 3 MEHILIOK CKJIAJIHICTIO HIJK OTEepallisi MHOYKEHHS JIBOX YMCell TOBKUHOK N po3psiiB.

V¥ naHiit po6oTi po3MIAaEeThCa METO] peaizallii onepanii MiJHECEHHs 10 KBaApary, KU J03BOJIsI€ 3MEH-
HINTH KiJbKICTh OIEpaliii MHOXKEHHS Ta MiJJHECEHHs JI0 KBaApaTy y NopiBHsHHI 3 MeTogoM Kapaiy6u. 3anpo-
HOHOBaHMIT MeTOX MO)ke OYTH BUKOPHCTaHO PEKyPCHBHO, € 3pYYHHM AT PO3MapalelioBaHHs, MO 301IbIIye
foro niana3oH e(heKTUBHOIO BUKOPUCTAHHS.

MeTa po060oTH. 3MEHIITUTH KUTBKICTH OJHOPO3PSIHUX OTepalliii MHOKEHHS Ta ITiTHECEHHS 10 KBaIPATYy JUIs
HPUIIBH/IIECHHS Yacy BUKOHAHHS OIepaliil i HEeCeHHsI 10 KBapaTy yrcia noBxunoo N pospsais (N=2"). 3me-
HIIUTH KiJIBKICTh MHOKEHB TOBKUHOIO N/4 po3psiiB 1o 8 omepairiit y pasi miJHeCeHHS 10 KBaIpaTy YHCIIa JI0B-
sk1HOI0 N po3psiB. 3MEHIINTH 3arajibHy OOUUCIIOBATIBHY CKIAJHICTh Ta 3HAHUTH MoauGiKalLilo, IPH SKiH Kijlb-
KIiCTh KPOKIB JI0/IaBaHHS T4 BiJHIMaHHS Oy/e HalMEHIIIOK Yy MOPIBHAHHI 3 iHIIMMHU Moaudikanismu. [ToOymy-
BaTH aJTOPUTM IIiTHECEHHS JI0 KBaJpaTy Ha OCHOBI 3HaiieHo1 Moaudikanii. 3HaliTH eexTUBHUI MeTOx MiHe-
CEHHS JI0 KBAJIPaTy YHCeT JOBKHUHO0 710 4096 GiTiB 3 MOXIIMBICTIO po3MapaieieHHs.

Pe3yabTaTn. Po3riisiHyTa CTpyKTYypa 4uciia, sIke po30UBaeThesl Ha YOTHPH YaCTUHM, JUIS peanizalii onepa-
i1 miJHeCeHHsI 10 KBajapaTty. J1oCiiKeHO BIUIMB PO3AUICHHS 4-X PO3PSIIHOTO YKCIIa Ha 2-X PO3PSIHE YUCIIO Ta
4-x po3psiiHE YUCIIO 3 IPOCTILIOI CTPYKTYPOIO, IITYYHO CTBOPEHOIO 32 PaXyHOK ITOBTOPIOBAHOCTI HOT0 YacTHH,
Ha peai3alliro oneparii mIHeceHHs 1o KBaapary. Po3po6ieHo MeTo pealtizaliii onepailii miIHECCHHS 10 KBa/I-
paty 4-x po3psIHOIo Yucia 3a BiCiM OJHOPO3PSAAHUX MHOXEHB, 1[0 Ha OJJHE MHOXKEHHS MEHIIIE HIX Y MEeTo.1
Kapamy6u, sikuit BHKOHY€ETBCS peKypCHBHO. {1 OTpUMaHHS pe3yIbTaTy oleparil IiIHeCeHHs 10 KBapaTy BHU-
KOPHCTOBYIOThCS JIiHINHI KOMOiHaNLii pe3yJIbTaTiB MHOXKEHHS. Y poOoTi HaBeJeHa Taka Moaudikaris peanizanii,
sIka Ma€ HEBEJIMKY KiJIbKICTh Omepalliii J10/1aBaHb Ta BiJIHIMaHb Y JiHIHHAX KOMOiHawisx. HaBeaeHo anroputm Ha
OCHOBI 3alIpOIIOHOBaHOi MoAMGiKkamii, 1e oKa3aHo, SIK 4-X PO3PSAAHE YHCIO 3 PIZHOPIHOIO CTPYKTYPOIO MOXKE
OyTH po3zineHe Ha 2-X po3psAHE YHUCIO Ta 4-X PO3psAAHE YHCIO 3 IPOCTIMIOI CTPYKTYPOIO 332 PaXyHOK MOBTO-
proBaHocTi. [IpoBefieHO aHalIi3 CKJIQAHOCTI 3@ KiIBKICTIO OAHOPO3PSAHUX Ollepalliif MHOXKEHHS B 3aJISKHOCTI BiJ
JosxkuHa grcna N y pasi pekypCHBHOTO BUKOPUCTaHHS alTOpUTMY peatizalii onepartii mIHeceHHs 10 KBaapaTy
JUIS IOPiBHSAHHA 3 MeTonoM KapamyOu.

BucHoBKH. Y po0OOTi HaBeJEHO alTOPUTM peai3alii omepamnii MmiJHECEHHS 10 KBaapaTy 4-X PO3pSAIHOTO
YUCJIa HA OCHOBI BOCBMU OJHOPO3PSIHUX MHOXEHb, TPU 3 SKHUX € ONEpallisiMU MiHECeHHs 0 KBajapaTy. Ha
MPUKJIAJIl TIOKa3aHa peai3allis oreparii miJHeCeHHs 10 KBaapaTy 4-X po3psAHOTO YHCIIA 3 PI3HOPIAHOK CTPYK-
Typorto. IIpoBesieHa OLliHKa CKIIaJHOCTI 3alPOIIOHOBAHOTO METOMY JUIS YHCell TOBXUHOI0 N po3psiiB Ta moxa-
3aHO, 1[0 O0YMCIICHHsI MOXe OyTH BUKOHAHO HAa OCHOBI TPhOX MiJHECEHb /10 KBaJpaTy ducel AoBXHHOKO N/4
PO3PSIIB Ta I1°SITH MHOXKEHb Yucel ToBkKHUHOI0 N/4 po3psaiB. Ha ocHOBI NOPIBHAIIBHOTO aHaNi3y NOKa3aHo, 110
3aIpONIOHOBAHUT METOI ITiTHECEHHS 10 KBaapaTy kpammii 3a merox Kapamy6u Ha 11 % mst (N =4) ta 1o 16 %
3i 30impmenHaM N. J[ind mepeBipkw pe3ynbTaTy OOYHCIEHHS peanizoBaHO y BUMIISAAI alTOPUTMY-TIPOTpaMu
SquaringNumber2aa na MoBi nporpamyBanHs APL. Meton Moxe OyTH BUKOPUCTaHO PEKYPCUBHO, 110 MiJBUIILY€E
MOJKJIMBOCTI 3 po3napajeloBaHHs peatizailii onepaiii miaHeCeHHs 10 KBaJApaTy BEIUKUX YHCEJ, 10 301IbIIye
fioro niana3oH eeKTUBHOTO BUKOpUCTaHHS 10 4096 OiTiB.

KurouoBi ciioBa: 6araropo3psiana apudMeTrka, 6araTopo3psiHe MHOKEHHS, 0araTopo3psIHe MiJHeCeHHS]
JI0 KBaJpaTy, 6araTopo3psiiHe MiHECEHHS 10 KBaApaTy 3a MOJYJIEM, aCUMETpUYHa KpHUIITorpadis, napaieiabHa
MOJIeITb OOUHCIICHB.
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Introduction. Currently, data security and confidentiality are becoming an urgent challenge not only for
individuals, but also at the state level. The level of cyberattacks has grown to such an extent that hackers can

disable servers, change data in cloud storage, which makes it impossible to work entire government agencies for
a long period, which requires significant efforts to restore resources. Cyberattacks are becoming more organized
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and selective. The use of asymmetric cryptographic software and hardware complexes is becoming an obligatory
element of protection. The speed of asymmetric cryptographic operations such as encryption, decryption, key
verification depends on the speed of the modulo squaring operation. Using fast methods, the operation of squaring
a number of N digits can be performed with less complexity than the operation of multiplying two numbers of N
digits.

This paper considers a method for implementing the squaring operation, which allows reducing the number
of multiplication and squaring operations compared to the Karatsuba method. The proposed method can be used
recursively and is convenient for parallelization, which increases its range of effective use.

The purpose of the article is to reduce the number of single-digit multiplication and squaring operations to
speed up the execution time of the operation of squaring a number with a length of N digits (N=2", N>4). Reduce
the number of multiplications with a length of N/4 digits to 8 operations in the case of squaring a number with a
length of N digits. Reduce the overall computational complexity and find a modification in which the number of
addition and subtraction steps will be the smallest compared to other modifications. Build a squaring algorithm
based on the modification found. Find an efficient method of squaring numbers with a length of up to 4096 bits
with the possibility of parallelization.

Results. The structure of a number that is divided into four parts for the implementation of the squaring
operation is considered. The effect of splitting a 4-digit number into a 2-digit number and a 4-digit number with
a simpler structure, artificially created due to the repetition of its parts, on the implementation of the squaring
operation is investigated. A method for implementing the squaring operation of a 4-digit number in eight one-
digit multiplications is developed, which is one multiplication less than in the Karatsuba method, which is per-
formed recursively. To obtain the result of the squaring operation, linear combinations of the multiplication re-
sults are used. The paper presents such a modification of the implementation, which has a small number of addi-
tion and subtraction operations in linear combinations. An algorithm based on the proposed modification is pre-
sented, which shows how a 4-digit number with a heterogeneous structure can be split into a 2-digit number and
a 4-digit number with a simpler structure due to repetition. An analysis of the complexity in terms of the number
of single-digit multiplication operations depending on the length of the number N is carried out in the case of
recursive use of the algorithm for implementing the square operation for comparison with the Karatsuba method.

Conclusions. The paper presents an algorithm for implementing the operation of squaring a 4-digit number
based on eight single-digit multiplications, three of which are squaring operations. The example shows the im-
plementation of the operation of squaring a 4-digit number with a heterogeneous structure. The complexity of
the proposed method is estimated for numbers of length N digits, and it is shown that the calculation can be
performed on the basis of three squaring operations of numbers of length N/4 digits and five multiplications of
numbers of length N/4 digits. Based on the comparative analysis, it is shown that the proposed squaring method
is better than the Karatsuba method by 11 % for (N = 4) and by 16 % with increasing N. To verify the result of
the calculation, the algorithm-program SquaringNumber2aa in the APL programming language is implemented.
The method can be used recursively, which increases the possibilities of parallelizing the implementation of the
square operation of large numbers, which increases its effective range of use to 4096 bits.

Keywords: multidigit arithmetic, multidigit multiplication, multidigit squaring, multidigit squaring by
modulo, asymmetric cryptography, parallel computational model.
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