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This paper investigates the problem of synthesiz-
ing optimal control of moving point heat sources
for heating a two-dimensional plate. The powers
of the sources and their trajectories of motion,
described by ordinary differential equations, are
optimized. In addition, in the problem under
consideration, the locations of temperature
measurement points are also optimized. The
necessary optimality conditions for the feedback
parameters and the coordinates for setting the
measurement points are obtained. The condi-
tions contain formulas for the components of the
gradient of the objective functional according to
the parameters being optimized. The results of
computer experiments obtained using first-order
numerical optimization methods are presented.
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Introduction. The problem of optimal synthesis of con-
trol actions for the motion and power of point heat
sources during heating of a two-dimensional thin plate is
considered. The current values of the control actions de-
pend on the measured values of the plate temperature at
the points where the measuring devices are installed. The
main specific feature of the problem under consideration
is that it also requires determining the optimal placements
for the measurement devices.

The problem under consideration belongs to the prob-
lems of optimal control of lumped sources in systems
with distributed parameters [1-6]. Such problems are de-
scribed by initial-boundary—value problems with respect
to partial derivative equations of various types. The theo-
ry of optimal control problems for systems with distribut-
ed parameters began to be most actively developed in the
60’s of the last century in the works [5, 7, 8]. This was
due to the need to problem such important processes as
the development of large oil and gas fields and pipeline
transportation of hydrocarbon raw materials. Similar
problems are relevant in metallurgy, ecology and many
other industries.

A special place in the theory and practice of optimal
control is occupied by control problems with feedback
from the object [4, 7, 9, 10]. At the end of the XIX and
beginning of the XX centuries, special devices were de-
veloped to control and regulate some industrial processes
and technical objects based on the first theoretical studies
of J.C. Maxwell, EJ. Routh, LLA. Vyshnegradsky, A.
Gurvits, A.M. Lyapunov and other scientists and engi-
neers. In the 1950s of the last century, the results of re-
search by L.S. Pontryagin [11], R.E. Bellman [12], A.M.
Letov [13] and many other scientists [14, 15] made it pos-
sible to solve serious problems in rocket science and
cosmonautics (astronautics) and create automatic control
systems for various technological processes and industrial
facilities.
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The works [4, 15, 16] provide a fairly in-depth analysis of the development and current state of control
theory and its applications.

The novelty of the formulation and approach to solving the problem of synthesizing optimal control
of lumped sources for a system with distributed parameters considered in this article is as follows. Firstly,
for the first time, a simultaneous synthesis of control actions by the power of moving sources and the tra-
jectory of their motion itself is carried out by current measurements. Secondly, the problem of optimal
placement of process state measurement devices on the plate is posed and solved. Thirdly, for the synthe-
sized control actions, a dependence is proposed that is linear in terms of the measured state values.
Fourthly, the problem of synthesis of control actions is reduced to a problem of finite-dimensional condi-
tional optimization with linear constraints.

The necessary conditions of optimality of the synthesized feedback parameters and formulas for the
components of the gradient of the objective functional on these parameters are obtained. These formulas
allow the use of efficient first-order numerical optimization methods to solve the problem of feedback
parameter synthesis. The results of computer experiments obtained in solving an illustrative problem are
presented.

The approach proposed in this paper can be used in constructing various automatic control and regu-
lation systems for lumped sources for objects with distributed parameters described by other types of ini-
tial-boundary—value problems.

Problem statement. The problem of controlling the heating process of a thin plate described by a
differential equation of parabolic type is considered [17]:

NC
ut(x,t):azdiv(gradu(x,t))—xo[u(x,t)—6]+Zqi(t)8(x—zi(t)), xeQ, te(ty,ts], 1)
i=1

with initial and boundary conditions

u(x,ty) =b(x)=b, xeQ=QUT, (2)
&é:0=xumx0—ey Xel, te(tot;]. 3)

Here u(x,t) is plate temperature at point xe Qc R? attime t; Q is the domain occupied by the plate,

with the boundary of T"; n is the internal normal to T°; a’>0, Ao =0, A >0 are specified parameters of
the heating process; 6 is ambient temperature; &(-) is a two-dimensional Dirac function for which, for
arbitrary continuous functions in Q, f(x) and X< Q takes place:

”f@ﬁ&—@ﬁzfuL ”&mmzL
Q Q

The heating of the plate is produced with controlled power by N, point moving sources, determined
by piecewise continuous functions q(t) = (g (t),d, (t),...,qNc (t)) satisfying the conditions:

Q={ui(t): g=<qt)<q, teltot;] i=12...NJ}, (4)

here g, o;, i=12....,N, are given.
The motion of the sources is described by differential equations with ordinary derivatives:
Z.I(.t)z fl(zl(t)78|(t))’ te(toltf]v i:112!“'lNC1 (5)
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Zi(t0)=7i, i=1,2,...,NC, (6)
where z;(t) € R? are the coordinates of the location on the plate of the i-th source at the time t; 7 €Q,
i=12,...,N, are given; f;(,), i=12,...,N, are given continuously differentiable two-dimensional vec-

tor functions. Piecewise continuous functions 9;(t)eR", r<2, i=12,..., N, are control actions and

determine the trajectories of the sources on the plate. There are constraints on the control
9; () =(94(1),..., 9, (1)), i=12,...,N, of the motion of sources:

V={9/(): 9/ <9 (<9, teltyti], y=Lor, i=12...Nc}, )

where 9§/, 9_¥, y=1..,r,i=12,..,N,, are given values.
The_source trajectories must satisfy the natural constraint:
() =Q, te[tyty], i=12,...,N.. (8)
The solution of the initial-boundary—value problem (1)—(3) will be understood in a generalized sense,
i.e. as a function from the class u(x,t) e H“(Qx[to,tf ]). In the works [17, 18], under the accepted as-

sumptions for the data of the problem (1)—(3), the existence and uniqueness of a generalized solution in
the problem (1)—(3) is shown.
Condition (2) means that at the initial moment of time t, the temperature at all points of the plate is

the same, but is not exactly specified, and it is known that it belongs to some given set B R . We will
assume that pg(b) is known the density distribution function for which the conditions are satisfied

pe(0)=0, beB, [pg(b)db=1.
B

The value of the external ambient temperature 6, participating in the equation (1) and condition (3),
does not change during the heating process and is defined on a given set ® with a known density distri-
bution function pg (6) such that

Pe(0)20, 0O, [po(0)do=1.
®

The problem of optimal control of the plate heating process under consideration consists of finding
the admissible values of the control actions on the motion 9 =S(t) = (94(t),9, (t),...,SNC (t) eV and the

powers of sources q=q(t) = (g, (t),q,(t),..., A, (t)) €Q, delivering, on average over all possible values of

the initial states b e B and the ambient temperature 6 € ® , the minimum value of the following objective
functional:

3(9.9) = [ [ 12, 9:b.0)pe (0)p (b)d0db, ©)
BO

2
Leltyds] (10)

10,9:5,0) = [[ne0[u(t) U (0] dx+enJa®) - v, +e2[00 -
Q

Here u(x,t) =u(x,t;q,9,b,0) is the solution of the initial-boundary-value problem (1)—(3) with the initial
condition u(x,ty) =b, the ambient temperature 6 for admissible values of the source powers q=q(t) and
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the effects on their movements 3 =9(t); U(X) is the given temperature distribution of the plate that must
be achieved at the end of the heating process; u(x) >0, xeQ, is the given weight function; ¢, ¢,, §,
§ are the given regularization parameters of the functional of the problem [19].

The problem of controlling the plate heating process (1)—(10) under consideration can be interpreted
as follows. Let W(x,t;B,®,q,9) be the set of solutions of the initial-boundary—value problem (1)—(3) for

all possible values of the initial conditions b e B in (2) and the ambient temperature 6 ® in (1), (3) for
given admissible values of the power of the sources q(t), and the actions 39(t) on their motion. Thus, the

set W(x,t;B,0,0,9), xeQ, te[ty,t;] represents a «bundle» of trajectories of the phase state of the
heating process for a given control pair (q(t),3(t)) . Then the objective functional (9), (10) determines the
quality of the choice of the control pair for controlling the «trajectory bundle» W (x,t;B,®,q,9).

Now let us reformulate the problem in the case of feedback.

Let sensors be installed at points of the plate &; =(&;;,&;,) €, j=12,...,N, to measure the cur-
rent temperature values at these points of the plate continuously throughout the entire heating process:

u;=u(g;.t), telto,tyl, j=12...,N,. (11)

The measurement results are proposed to be used to form the current values of control actions for
each of the sources (q;(t),9;(t)), i=12,...,N,. For this purpose, we will consider the following linear
feedback of control actions from the measured temperature values at the measurement points:

NO
qi(t)=2ai1,j[u(gj,t)—ﬁi{j], teltyt;], i=12,....N,, (12)
j=1
NO
9= alf[uE; 0B |, teltote], y=l...r, i=12..,N;. (13)
j=1

Here of ;. Bij, af], BP] are feedback parameters, &; are the locations of the measurement sensors,
y=1...r,i=12...,N;, j=12,...,N,.
In (12), (13) the quantities o ;,

ative to the deviation of the temperature value at the j-th measurement point from the nominal values

af'jy determine the values of the gain factors for the i -th source rel-

Bilyj, B,ZJV for the i -th source at the j-th measurement point. The optimized nominal values Bilyj, B,ZJV are
significant determined by the values of the given function U(x) at the measurement points x=g;,
i=12,..,N,.

From the properties of differential equations (1), (5) it follows that the control actions (q(t),9(t)),

determined from (11), (12), (13) are themselves continuous functions of time.
Substituting the formulas of control actions with feedback (12), (13) into the differential equations
(1) and (5), respectively, we obtain the following equations:

NC
U (x,t) = a%div(gradu(x,t)) - Aolu(x,t) — 0]+ Zqi (t)d(x—1z (1)), (14)
i=1

xeQ, te(ty.tel,
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NU
z'i(t)=fi(zi(t),Zaﬁj[u(?;j,t)—BiZ’j] . te(tete], i=12,...,N,. (15)
=1

The differential equation (14) is called point loaded due to the participation in it of the values of the
sought function u(x,t) at the measurement points at x=¢&;, j=12,...,N, [20, 21]. Such initial-

boundary—value problems are investigated in the works [22—24], in which conditions for the existence and
uniqueness of their solution are obtained, and numerical methods for their solution are proposed and in-
vestigated.

We will assume that the locations of the measurement points &;, j=12,...,N, are not specified and

they need to be placed in an optimal way taking into account the optimality criterion specified by the
functional (7), (8). Let there be constraints on the places of their installation from the technological and
technical conditions:

E_,J-EQJ-CQ, 1=12,..,N,, (16)

where closed subsets Q;cQ, j=12,...,N, are given.
Thus, the problem requires determining the feedback parameters oclz((ail, i) B1=((Bi1, i)

a? = (@), (@f), B?=(B7)....(B7])), and the locations of the measurement points &;,
i=12,...,N;, j=12,...,N,. Inthis case, the following constraints must be met: on the power and veloc-

ity of motion of sources (4), (7), on the placement of measurement points (16), and the objective func-
tionality must take the minimum possible value. The vector of parameters optimized in the problem is de-

noted by y = (a},B*,a%,82,8) e RN, N =2N N, +2rN,N, + 2N, , which consists of: 2N N, parameters

ol B, 2rN N, parameters o?,B?, 2N, parameters &. Taking into account these notations, we write
the objective functional (9), (10) of the problem under consideration as follows:

I = [ [ 1(y:b,6)pe (0)pg (b)d6db, an
B®

1(y:,0) = [[u00[uCxt) -0 00 | dx+ ey - 9l (18)
Q

Here u(x,t) =u(x,t;y,b,0) and z(t) =z(t;y) are solutions, respectively, of the differential equation (14)

and (15) for given feedback parameters yz(al,Bl,ocz,Bz,a), initial condition u(x,t;) =b, and ambient
temperature 0; ¢, § are given parameters of regularization of the functional of the problem [19].

The resulting problem (14), (2), (3), (4), (15), (6), (7), (8), (17), (18) refers to the problems of para-
metric optimal control of a distributed system with feedback. The searched vector in the problem is a fi-
nite-dimensional vector y e R™N . Its specific features include the loading of the differential equation, the

participation of the Dirac function in it, and also the fact that the value of the objective functional is de-
termined not by a single solution of the initial-boundary—value problem, but by a bundle of solutions,
provided that the initial condition and the ambient temperature take not a single value, but a set of values,
respectively, from B and ©.
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Formulas for the gradient of the functional of the problem. Necessary conditions for optimali-
ty. For the numerical solution of the obtained parametric optimal control problem, it is proposed to use
iterative methods of first-order optimization.

It is easy to verify that the functional of the original optimal control problem (1)—(10) is convex in

q(t), 9(t) for fixed &eR?No places of measuring the process state. The functional of the problem (17),

(18) with feedback (12), (13), as can be seen from (14), (15), in the general case is not convex with re-
spect to the optimized feedback parameters y. This follows from the nonlinearity of the dependence of

the solution of the boundary-value problem u(x,t;y,b,0) on the parameters y = (o},pt,a,p?,£) . There-

fore, the optimality conditions formulated in this section are only of a local character. The formulas for
the components of the functional gradient involved in these conditions can be used in the numerical solu-
tion of the problem of determining the local optimal values of the feedback parameters or for local re-
finement of these values. To determine the optimal values of the feedback parameters, global optimization
methods can be used together with methods of local improvement of the parameter values by first-order
optimization methods using the functional gradient formulas obtained below.

We will write the constraints (4), (7) on the control actions using (12), (13) in the following form

NO J—
G <o uE DB |<a, teltytel, i=12..N, (19)
=1
N, _
S_iYsZaﬁ'jV[u(aj,t)—Bﬁ'}]ssiY, telty,t;], y=1...r, i=12..,N,. (20)
j=L

Let us introduce the notation
i 0 — G .
gi(t;y)=|gi(t:y)l—%, teftyt;], i=12...,N,

\ —
- ° Gi + 0
G () =D ot s U 0By |-
j=1
I |
WiY(t;y):‘in(t;y)‘—T—, telty,t;], y=21...,r, i=12,...,N,
N, 9! + 97
W (6y) =Y o [u(e; ) -BY] |-——=
j=1
Then the constraints (19) and (20) can be written as follows:
g;i(ty)<0, te[tyts], i=12,..,N;, (21)
wi(t;y)<0, teltyte]l, y=1...r, i=12..,N,. (22)

To take into account the constraints (21) and (22) in the problem of synthesizing the parameters vy,

we use the external penalty functional method, adding to the functional (17), (18) a penalty term for vio-
lating the constraints (21) and (22):
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()= [ [ 15:(¥:b,0)p (0)pg (b)ddb, 23
BO

0.0 = [0 utxty) =V 0] sy ly =il + 0
Q

ts cor b
+SR1§J[gi+(t;y)]2 dt+€RZNZ J[Wiy”'(t;y)]2 dt.
i=1 to i 1t

i=1 y= 0
The functional (23) is minimized iteratively provided that the penalty coefficients R =(R;,®,) tend
to +oo. The notations g; (t;y), w/*(t;y) mean that g (t;y)=g;t;y), W (t;y)=w (t;y) if

git;y)>0, w/(t;y)>0 and g’ (t;y)=0, w/ " (t;y)=0 if g;(t;y)<0, w/(t;y)<0, y=1...,r,
i=12,...,N;.
Next, we will use the function sgn(-), which is equal to —1 for negative argument values, zero for an

argument equal to 0, and 1 for positive argument values.

When minimizing the penalty functional (23), taking into account the positional constraints (16), giv-
en their simplicity, will be carried out using the projection operator onto the set defined by these con-
straints.

In general, to solve the problem of optimal synthesis of feedback parameters vy, it is proposed to use
iterative minimization methods with a combination of penalty function methods.

In particular, a gradient method with respect to the penalty function can be used, which we write in
the form

yK+ :73(16)[yk —vkgradme(yk)] (25)

Vi Zargmin J,, (’P(ls) [yk —v¥grad, Jy; (yk)]) , k=01,.... (26)

v=0

k

Here gradme(yk) is the gradient of the penalty functional (23), (24), v" is the step size in the direction

of the antigradient of the functional Jy(y) [19].

It is clear that the main element required to implement the procedure (25) is the gradient of the func-
tional grad,Jg(y). The components of the gradient of the penalty functional with respect to the parame-

ters of continuous feedback are determined from the following theorem.
Theorem 1. The objective functional Jg(y) of the problem (14), (2), (3), (15), (6), (17), (18) is differen-

tiated with respect to the synthesized parameters y = (ocl,Bl,az,Bz,a) with continuous feedback (11). The
components of the gradient of the functional are determined by the formulas

1
ddij  ge

ty
| {f (w21 (0.0 - 2% 59n(@ (€ Y)gi (6 ) u(e;. 0B e + @)

t

+2s(a} -6 ;)| pe (O)pa (B)d6CD,
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t
5221(3’) -] { [ (wz (0,0 - 2% 59n(G; (6 YD) 97 (6 Y) ot + (28)
i,j B®

)

+26(BL; ~Bl ;)| po (©)pe (b)docld

;
3 (y) of (z; (1, y), 9 (£, ¥)) . g
a2 | (_!;{—tj;[q)r(t) D o sty (t,y>} (29)

x[u(aj,t)—sﬁ Jdt+2e (o) -6 -)}p®(9)pB(b)d9db

+26(B2] B2 )} po )pe (B)d0GD,

N, t
D)y { > J[(wez @0~ 2% son(@ € o ) )a + (31)

Rk gol| i

+Z(¢F P EEDHEID o, soni (t:y))vv%*(t:y)]a%,—y }uxk (&bt +
y=1 i

4255~ €14 )| P (B)pa ()G,

where i=12,...,N;, j=12,...,N,, k=12, y(x,t) =y(xt;y,b,0) and ¢;(t)=d;(t;y,b,0) for the cur-
rent parameter vector y, admissible initial condition be B and ambient temperature 6® are solu-
tions of the following adjoint boundary value problem and the Cauchy problem, respectively:

v (x,t) = —a?div(grady(x, 1)) + Loy (x,1) (32)

N, N,
= 80=)3 | (w(z (0.0~ 2%59n(Gi (6 V)i () o
j=1 i=1

+i[¢?(t)“i(zi(“y)’gi(“y” 29, Sgn(W} (& Y)W (t y)Ja.,] xeQ, teltoty),

y=1 68:{
W(x,tf)=—2u(x)[u(x,tf)—U(x)], xeQ, (33)
%:w(x,t), xel, telty,t;), (34)
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. (4 T N,
()= —(afi LD y”) 00~ Y[ 0 - B bty 0. @)
i i=1

telty.t;), i=12...N,,
$i(t)=0, i=12...N,. (36)

For further proof, a well-known technology for calculating the increment of the functional when re-

ceiving increments of the optimized feedback parameters is used [19].
Now let us formulate the necessary conditions for the optimality of the feedback parameters for the

problems under consideration y~ [25].
Theorem 2. For the optimality of the feedback parameters y~ in problem (14), (2), (3), (15), (6), (17),
(18), (4), (7), (16), (21), (22) it is necessary and sufficient that the following condition be satisfied:

grad, Jz (y),y -y ) <0,
( )

for all admissible values of the feedback parameters y satisfying the conditions (16), (21), (22).

Results of numerical experiments. Let us present the results of the solution of the test problem of
control of the plate process with continuous feedback. The following values of the parameters were used

in the problem:
a’® =1, Ao =0.01, A=0.001, Q=[0;1]x[0;1], t;=0, t;=1

n(x)=1, U(X)=10, xeQ, N,=3, N,=4, R, =R,=1 &=0.1,
2<q(t)<20, —2<0,(t)<20, —2<qs(t)<24, te[0:1],
—1<9,(1) <1, —1<9,(t) <1, —1<95(t) <1 te[0:],
B=[0.2;0.4], pg(b)=5(1+cos(10b—3)m)),
0=[0.81.2], pe(6)=2.5(+cos(50—5)mr)),
£, e =[0.05,0.95]x[0.05;0.95], &, € Q, =[0.05;0.95]x[0.05;0.95]
£5 € Q, =[0.05;0.95]x[0.05,0.95], &, €O, =[0.05;0.95]x[0.05;0.95] ,
{z‘lvl(t) =22),(t), 7,=02, {22,1(0 =-0.82,,(t), Z,,=0.75,
2,()=9%(1), 7,=03 |Z(1)=9,(), Z;,=0.83,
231(t) =—0.3523, (1) 3, (t) + 0.723, (1), 23, =0.85,
{zglz(t) =-0.4523, (1) + 94(t), Z5, =0.67.

Let us describe the general algorithm for solving the problem of synthesizing the parameter vector ¥
with the selected penalty coefficients R =(R;,°R,) and regularization parameters ¢, . First, we ap-
proximate the sets B and ® by discrete sets using the nodal points by and 6;, i=12,...,Ng,

ISSN 2707-4501. Cybernetics and Computer Technologies. 2025, No.3 13
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i=12,...,Ng. When implementing the procedure (25), at each iteration with the current values of the
optimized parameters yk for the nodes values b, € B and 0;€0,i=12..,Ng, j=12,...,Ng the fol-

lowing steps are performed:

1) the direct initial-boundary—value problem (14), (2), (3) is solved and the Cauchy problems (15),
(6) are solved;

2) the corresponding adjoint-boundary-value problem (32)—(34) and adjoint Cauchy problems (35),
(36) are solved,

3) the components (27)—(31) of the gradient of the penalty functional (23), (24) are calculated;

4) one-dimensional minimization is performed in the direction of the obtained antigradient of the
functional according to the procedure (26).

These steps are repeated until the stopping criterion for the functional or for the argument ¥ is met.
At the next stage, the penalty coefficients R,, R, are increased by 10 times until R, <10°, R, <10°,

the regularization parameter ¢ is decreased by 10 times until £ =0.0001 and steps 1-4 are repeated.

To solve two-dimensional direct (14), (2), (3) and adjoint (32)—(34) loaded-boundary—value prob-
lems, a modified scheme of the variable direction method with steps in spatial variables h, =h, =0.01
and in time h, =0.01 was used [26].

To solve the direct (15), (6) and the adjoint (35), (36) Cauchy problems, a modified scheme of the
Euler method with a time step h, =0.01 was used.

To approximate the two-dimensional Dirac’s &(-) -function, the following everywhere smooth (dif-
ferentiable) trigonometric function was used [27]:

0, ¥ —m|>01 or X —my|>0y,
SG(X;T])Z 2

Hililwtcos[%nﬂ, [} —my|<oy and |x, —m,|<o,.
|

i=1 40i
It is easy to verify that in this case for an arbitrary value o; >0, i =12 the following equality holds:
LRAS RUPRASY
S (X;m)dx,dx, =1.
M1—01M2—02
In the test experiments, the values of the parameters o; >0, i=1,2 of the function §_(x;n) were set
to 3h, , 3h, , respectively, where h, , h, are the steps of the grid approximation in the domain x €.
This choice of the type of approximation of the Dirac’s (-) -function ensures sufficient smoothness of the
functional Jg; (y) with respect to the optimized current locations of the measurement points & and the
coordinates of the point heat sources z(t).
Tables 1 and 2 present the results of solving the problem obtained at various iterations for two differ-

ent initial points yJ and yJ with penalty coefficients %, =%, =10° and regularization parameter

€=0.0001. It is evident that the optimization results obtained from different starting points differ in ar-
guments, although the difference in functionality is not significant. Here it is also necessary to take into
account (as other specially conducted numerical experiments have shown) that the functional of the prob-
lem has a strong ravine structure.

Xp !
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TABLE 1. Results of iterations in solving the problem, obtained with the initial vector yl0

k y, = (o', 0%, B2,) Jn(Y)
-0.0534 -0.0231 -0.0574 -0.0823 -0.0354 -0.0875 -0.0736 -0.0137
-0.0412 -0.0638 -0.0421 -0.0959 9.7464 9.9244 9.9124 9.8764
9.1374 9.8944 9.9455 99234 9.8154 9.9334 9.8946 9.8911

0| -0.0013 -0.0024 -0.0032 -0.0043 -0.0044 -0.0032 -0.0056 -—0.0037 | 26.982
-0.0125 -0.0135 -0.0127 -0.0142 9.2345 9.7863 9.3546 9.6343
9.7484 9.2345 9.8765 9.7664 9.9932 9.9954 9.9945 9.9943
0.2200 0.2800 0.2900 0.6500 0.7300 0.7800 0.6300 0.2100
-0.4938 -0.4472 -0.5177 -0.5838 -0.4622 -0.5540 -0.5820 -0.5643
—-0.5325 -0.5346 -0.5464 -0.6443 9.7457 9.9204 9.9119 9.8788
9.1380 9.8994 9.9499 99230 9.8163 9.9357 9.8955 9.8979

1| 0.0055 0.0046 0.0037 0.0032 0.0020 0.0023 0.0009 0.0031 | 0.51989
-0.0083 -0.0095 -0.0086 -0.0100 9.2188 9.7696 9.3387 9.6179
9.7318 9.2188 9.8597 9.7498 9.9762 9.9784 9.9775 9.9773
0.1476 0.0642 0.4302 0.4920 0.8705 05991 0.7429 0.1515
-0.4347 -0.4092 -0.4557 -0.5070 -0.4154 -0.5254 -0.6780 -0.7876
-0.6432 -0.6463 -0.3637 -0.4672 9.7598 9.9341 9.9062 9.8536
9.1831 99156 9.9764 9.9493 9.8720 9.9614 9.9213 9.9347

2| 0.0047 0.0068 0.0032 0.0083 0.0028 0.0014 0.0022 0.0075 | 0.03145
-0.0103 -0.0125 -0.0106 -0.0138 9.2818 9.6974 9.6578 9.7614
9.8732 9.3258 9.9582 9.8739 9.9814 9.9625 9.9614 9.8895
0.1543 0.0735 0.4760 0.4430 0.8279 05084 0.7906 0.2592
-0.7425 -0.4884 -0.7245 -0.6872 -0.7235 -0.8231 -0.3739 -0.8127
-0.3573 -0.3267 -0.8426 -0.8603 9.6583 9.7813 9.8537 9.8319
95942 9.9834 9.8932 9.8932 9.9537 9.8909 9.8847 9.9993

3| 0.0133 0.0105 0.0085 0.0142 0.0059 0.0043 0.0084 0.0126 | 0.00014
-0.0084 -0.0095 -0.0074 -0.0094 9.8437 9.9429 9.8320 9.8398
9.6228 9.5128 9.9328 9.9337 9.9388 9.9294 9.9445 9.9825
0.1827 0.1489 0.5860 0.4925 0.6384 0.7329 0.8525 0.3592
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TABLE 2. Results of iterations in solving the problem, obtained with the initial vector yg

k y, = (o', B, a?,B%,8) Jn(y)

-0.1125 -0.1386 -0.1089 -0.1345 -0.1257 -0.1467 -0.1908 -0.1874
-0.1866 -0.1523 -0.1523 -0.1784 8.9345 9.4531 9.8756  9.7463
9.4728 9.7863 9.8365 9.6643 9.9439 9.5549 9.7594  9.9043
0|-0.0061 -0.0118 -0.0127 -0.0105 0.0114 0.0119 0.0127 0.0139 | 4.3345
-0.0145 -0.0142 -0.0175 -0.0147 9.9372 9.9534 9.8836 9.9433
9.4548 9.8649 9.7565 9.9460 9.9354 9.7395 9.9574  9.8643
0.6524 0.2127 0.8325 0.8814 0.3125 0.6838 0.2715 0.3290
-0.5180 -0.5308 -0.4573 -0.5490 -0.5832 -0.5725 -0.5390 -0.5983
-0.6870 -0.5562 -0.4930 -0.6109 8.9404 9.4611 9.8807 9.7538
9.4799 9.7952 9.8294 9.6770 9.9563 9.5644 9.7688  9.9160
1| 0.0074 0.0021 -0.0032 0.0011 0.0325 0.0319 0.0284 0.0339 | 0.58196
-0.0235 -0.0149 -0.0128 -0.0142 9.9324 9.9486 9.8789  9.9385
94503 9.8602 9.8429 9.9413 9.9306 9.8548 9.8526  9.8596
0.6890 0.1553 0.9063 0.8064 0.3512 0.5799 0.2990 0.1719
-0.4961 -0.3827 -0.4223 -0.4357 -0.3933 -0.7810 -0.3381 -0.4573
-0.5401 -0.4536 -0.2277 -0.8934 9.9432 9.9466 9.9245 9.8392
9.3439 95487 9.9632 9.5421 9.9363 9.5703 9.8821 9.9559
2| 0.0094 0.0028 -0.0048 0.0038 0.0251 0.0271 0.0337 0.0255 | 0.03259
-0.0112 -0.0128 -0.0137 -0.0132 9.9256 9.9248 9.8521 9.9727
9.4029 9.8535 9.9452 9.8945 9.8838 9.9281 9.9258 9.9449
0.7224 0.1426 0.8834 0.8301 0.3857 0.5481 0.3265 0.1255
-0.5457 -0.5523 -0.4719 -0.5752 -0.6027 -0.5804 -0.5314 -0.6017
-0.7399 -0.5825 -0.5075 -0.6430 8.9462 9.4668 9.8845 9.7598
9.4849 97997 9.8532 9.6821 9.9650 9.5703 9.7731 9.9229
3| 0.0122 0.0036 -0.0032 0.0011 0.0384 0.0374 0.0339 0.0397 | 0.00013
-0.0032 -0.0048 -0.0097 -0.0050 9.9256 9.9418 9.8721 9.9317
9.4439 9.8535 9.7452 9.9345 9.9238 9.7281 9.9458 9.8528
0.7515 0.1268 0.9461 0.8799 0.4178 0.4880 0.3767 0.0655

Fig. 1 and 2 show the graphs of the trajectory of heat sources and the corresponding controls for
t €[0;1] for two different initial values of the parameter vector ylo, yg and for the obtained optimal vec-

tors y; , y,, with penalty coefficients %, =%, =10° and regularization parameter &=0.0001.
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FIG. 1. Graphs of heat source trajectories and corresponding controls for the initial value of the vector yf (dashed lines) and
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FIG. 2. Graphs of heat source trajectories and corresponding controls for the initial value of the vector yg (dashed lines) and

for the obtained optimal vector y; (solid lines)

Fig. 3 shows the graphs of the power of heat sources for the synthesized optimal vector of feedback
parameters y;, Y,.

Fig. 4 shows the graphs of the function

oty = [ [{[[uea[ulx " b.0)-U (M dx oo ©@)ps (b)dodb,

BO LQ
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where u(x,t;y",b,0) is the solution to the initial-boundary—value problem (14), (2), (3) with the optimal

vector of feedback parameters y* obtained from the numerical solution of the problem.

q(t) q(t)

FIG. 3. Graphs of the power of heat sources q(t) overtime t €[0;1] for two initial values of the parameter vector ylo, yg

and for the obtained vectors yf , y;

From the graphs shown in Fig. 4 one can see how the temperature distribution on the plate ap-
proached the desired distribution over time.

Ot y*
100 | (697

80 +
60 -
40 ~
20 ~

t

>

0O 01 02 03 04 05 06 07 08 09 1 11 12 13

0

FIG. 4. Graphs of the values of the function ®(t;y") in t e[0;1.3] for the feedback parameters yl*

Computer experiments were conducted to control the plate heating process with optimal values of
synthesized feedback parameters under the assumption that measurements are carried out with errors (in-
terference), namely:

1) =u(E; [+ ], telto bl i=12...,N,.
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Here y;(t) for each t is a random variable uniformly distributed on the segment [-C, ], ¢ is de-

termines the maximum possible level of error. In the experiments conducted, the values of £ were chosen

equal to 0.01, 0.03, 0.05, which corresponds to a measurement error of 1%, 3% and 5% from the exact
(calculated) values of the measured quantities.
An important indicator of the quality of control of the heating process with the used feedback param-

eters is the function @(t;y"), which numerically characterizes the result of process control on average for

all possible values of external influences. Fig. 5 shows the graphs of the function ®(t;y”") obtained with

optimal feedback parameters and with measurement error levels equal to 0% (no error), 1%, 3% and 5%.
These graphs show that the quality of control of the stabilization process corresponds to the magnitude of

the error in the measurements of the process state. As can be seen from Fig. 5, the function ®@(t;y"), and

therefore the heating process itself, is quite stable against measurement errors, and this stability is main-
tained when the process is controlled at t>1. In Fig. 5,a due to the small scale of the value of the func-

tion @(t;y’) at t €[0; 0.6] at different error levels, it is practically the same. Therefore, in Fig. 5,b for
t €[0.6; 1.3] the scale for the axis of function values is increased.

D(t; y*
100 - (t597)
0.00025 -
80
0.0002 -
%0 1 0.00015 -
40 1 0.0001 -
20 0.00005
. )
0 : : . . : . 0 : : : : . . ,
0 01 02 03 04 05 086 0.8 0.7 0.8 0.9 1 1.1 1.2 1.3
a) b)

FIG. 5. Graphs of the values of the function ®@(t;y") for the feedback parameters yf at the error level of 1 %, 3 %, 5 %:
a—te[0; 0.6]; b— te[0.6; 1.3]

Conclusion. An approach to feedback control of the motion and power of lumped sources in systems
with distributed parameters is proposed. The problem of controlling moving heat sources used to heat a
plate is considered. The powers and control actions on the motion of point sources are determined in the
form of proposed dependencies on the results of the taken measurements. The differentiability of the
functional with respect to the feedback parameters is shown, and formulas for the gradient of the func-
tional with respect to the synthesized parameters are obtained. The formulas allow us to use efficient nu-
merical methods of first-order optimization and available standard software packages to solve the problem
of synthesis of control of lumped sources.

The proposed approach to control of lumped sources with feedback can be used in automatic control
and regulation systems of lumped sources for many other technological processes and technical objects.

Funding. The author did not receive any funding for conducting research or writing the article.
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VK 519.6

Byrap I'amimoB

CuHTe3 KepyBaHHS MOTYKHICTIO TA PYXOM JIKepeJ HArpiBy IJIACTHH TAa ONTHMI3alis po3-
MillleHHSI TOYOK BUMIPIOBAHHS TeMIlepaTypu

Incmumym cucmem xepysanns Minicmepcmea nayku ma oceimu Pecnybniku Asepbaiioscan, Baky
Jlucmysanns: vugarhashimov@gmail.com

Beryn. PosrsiHyTa mpo0iema HaleXuTh 10 3aad ONTHMAIBHOTO KePYBaHHS 30CepeDKEHUMH JKepera-
MH B CHCTEMax 3 PO3NOAUICHHMH HapameTpaMu. Taki 3ajadi ONMUCYIOTBCS MOYATKOBO-KpailoBUMHM 3aadyaMu
BIJTHOCHO PIiBHSHP 3 YaCTHHHHMH IMOXIJIHUMH Pi3HUX THITIB. Teopis 3a/1a4 ONTUMAJIBHOTO KEPYBAaHHS ISl CHUC-
TeM 3 PO3MOAIIEHUMH NapaMeTpaMH Ioyaya HaifakTHBHiIIe po3BUBaTUCA B 60-X poKax MUHYJIOrO CTONITTS. Lle
OyJ10 MOB'A3aHO 3 HEOOXIMTHICTIO BUPIIICHHS TaKUX BaKJIMBUX MPOIIECIB, K PO3pOOKa BEIMKUX HA(TOra3oBHX
POJIOBHUIIL Ta TPYOONPOBITHUI TPAaHCIIOPT BYIJICBOAHEBOI CUpOBHHU. [lo/1i0HI 3a1a4i aKkTyaqbHi B METaIyprii,
€KOJIOTIT Ta 0araThOX IHIIUX TaTy35SX POMHUCIOBOCTI.

Meta podotu. VY wiil cTaTTi AOCTIHKYETHCS IpodiIeMa CHHTE3Y ONTUMAIBHOTO KEPyBaHHS PYXOMHUMH TO-
YKOBMMH JDKEpeJaMy TEIUla JUIsl HarpiBy ABOBUMIpHOI ruiacTWHH. ONTHUMI30BaHO TOTY)KHOCTI JDKEpen Ta ix
TPAEKTOpil pyxXy, L0 OMUCYIOThCS 3BHYANHUMU qUepeHIiaTbHUMU PIBHAHHAMU. KpiM TOro, y po3misHyTii
3a7a4i TAKOX ONTHUMI30BAHO PO3TAIIYBaHHS TOYOK BHMIpIOBaHHS Temreparypu. OTpUMaHO HEOOXiIHI YMOBH
ONITHMAJILHOCTI JUISl IapaMeTpiB 3BOPOTHOTO 3B'I3KY Ta KOOPAMHATH JJIsl BCTAHOBJICHHS TOYOK BUMIpIOBaHHS.
YMOBH MICTSITh pOpMyNH Ui KOMIIOHEHTIB TpaJlieHTa I[IIbOBOTO (PYHKIIIOHAA BiIMOBIHO J0 ONTHMI30BaHHUX
HapaMeTpiB.

PesysabraTtn. OTprMaHO HEOOXiHI YMOBU ONTHMAJIBHOCTI CHHTE30BaHUX ApaMETPiB 3BOPOTHOTO 3B'SI3KY
Ta (OopMyNIHU JJIs1 KOMIIOHEHTIB IpajlieHTa LilboBOro (GyHKIioHaNa Bix nux napaMerpis. i dopmynu no3sois-
I0Th BUKOPHCTOBYBATH €(DEKTHBHI METOAN YUCIOBOI ONTHMIi3alii NepPIIOro MOPSAKY Ui BUPIIEHHS 3a/1a4i CH-
HTEe3y IapaMeTpiB 3BOPOTHOTO 3B'A3Ky. IIpescTaBieHO pe3yIbTaTH KOMIT'IOTEPHUX €KCIIEPUMEHTIB, OTPUMaHHUX
3a JIOTIOMOTOI0 METOJIiB YHCIIOBOT ONTUMI3allii EPIIOTro MOPSIIKY.

BucHoBKH. 3anponOHOBAHO MiAXiJX JO KEPyBaHHS 31 3BOPOTHIM 3B'SI3KOM PYXOM Ta MOTYXHICTIO 30Cepe-
JDKEHHX JDKEPEN Y CHCTeMax 3 PO3MOIIEHIMH napaMeTpaMu. Po3risHyTo 3a1ady KepyBaHHSI PYXOMHMH JKe-
penaMu TeIlIa, 110 BUKOPUCTOBYIOTHCS I HarpiBaHHs MIacTUHU. [ToTyXKHOCTI Ta Kepyroui BIUIMBU Ha PyX TO-
YKOBHUX JKEpes BU3HAYAIOThCS y BUIIIAAI 3aPONOHOBAHUX 3AJISKHOCTEH Bif pe3ysbTaTiB NPOBEACHUX BUMi-
proBanb. ITokazano nudepeHuiiioBanicTs (HyHKLIIOHANIA BITHOCHO apaMeTpiB 3BOPOTHOTO 3B'I3Ky Ta OTPHUMAHO
dhopmynu st rpajieHTa GyHKIIOHANIA BiJHOCHO CHHTE30BaHUX mapamerpiB. @OpMysH 103BOJISIOTH BUKOPHUC-
TOBYBaTH e€(eKTUBHI YMCIOBI METOAN ONTHMIi3alii NepIIoro NOPSAKy Ta AOCTYIHI CTaHAAPTHI MaKeTH Mporpa-
MHOTO 3a0e31eUYeHHs I BUPIMEeHHs 33/1a4i CHHTE3y KepYBaHHS 30CePeKEHIMHU KepeTaMu.

Knro4oBi ci10Ba: HarpiBaHHs IIACTUHM, KEPYBaHHS 31 3BOPOTHHUM 3B'SI3KOM, PyXOMi JDKepelia, TOUKU BU-
MIpIOBaHHS TEMIIEPaTypH, TapaMeTPH 3BOPOTHOTO 3B'SI3KY.

ISSN 2707-4501. Cybernetics and Computer Technologies. 2025, No.3 21


mailto:vugarhashimov@gmail.com

