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The problem of making optimal decisions under
uncertainty is examined through the minimization
of Savage’s regret function. Two algorithms are
developed based on the subgradient projection
method with automatic step-size adjustment,
adapted for high-dimensional decision-making
environments. Unlike traditional methods, the
proposed approaches evaluate only selected sub-
sets of states of nature and constraints at each it-
eration, significantly reducing computational
cost. Theoretical convergence of the algorithms
to the optimal decision set is proven, despite the
absence of exact regret function values. These
methods provide a practical and scalable solution
for regret-based decision-making models under
uncertainty.
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REGRET FUNCTION MINIMIZATION
ALGORITHMS

Introduction. Most socio-economic systems face uncer-
tainty in their operation, more specifically, in the process
of developing and implementing a decision. Major atten-
tion must be paid to the analysis of the states of nature when
assessing the degree of their influence on the evolution of
these systems. The same decision could be "good" with re-
spect to one state of nature and "bad" with respect to an-
other. The classification into "good" or "bad" naturally de-
pends on the adopted criterion. To date, several types of
decision criteria used under conditions of uncertainty are
known [1]. One of these is Savage's criterion [2], which is
usually used when the decision-maker reacts "painfully" to
large losses. That is, when they cannot accept the gap be-
tween the actual the expected costs. Thus, the use of Sav-
age's criterion somehow "involves" the decision-maker, se-
lecting a decision that would be a "compromise” for all
states of nature. Therefore, according to this criterion, the
maximum deviation function is defined in relation to all the
states of nature that could occur in the given decision-mak-
ing process.

In this work, as well as in the publication [3], two deci-
sion-making models conditioned by the uncertainty of the
states of nature are considered. Both models express Sav-
age's viewpoint, which consists of determining a decision
that would ensure the achievement of the minimum value
of the maximal regret. In [3], the addressed problems are
solved using the subgradient projection method [4, 5], tak-
ing into account all states of nature at each iteration. In the
case with general constraints, it is solved using all the func-
tions from these constraints in the calculations.

In the present article, similar methods are proposed, ex-
cept that at each iteration, operations are performed with a
specific, much smaller subset of the total number of states
of nature. Additionally, in the model with general con-
straints, only a few of them are taken into account. These
modifications can significantly reduce the volume of cal-
culations at each iteration, which can streamline the entire
process of approximate problem-solving in question.

The considered models have the following form:

Model I:

R;(u) — min, (D)

UEUCE™M
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Model II:
Ry(u) » min , 2
ueD={u€eU:F(u)<0}
here:

R.(u) = r?Sx{f(u’ qi)} — the Savage function;

7(u, q;) =r(u, q;) —r;7 — the Regret function, determined by the state of nature
9 € Q ={qi, .. qm};

r = r(uzi),qi) =minr(u,q;) and u € U in model I, u € D in model I;

F(u) = r?(?]x{P} (u)}.

It is assumed that all functions r(u, q;),i € I = {1,..,m} and F;(u),j € J = {1, ..., t} are continuous
and convex on the compact and convex U in the euclidian space E™.

Remark. In order to be able to work with the function ¥ (u, g;) itis required to know its minimum value
;" which is realistically impossible. When implementing the algorithms, in each iteration, certain estima-
tions of r;*, will be used instead of its actual value.

In the following we will consider certain partitions of the sets I and J into subsets 1, ..., I si J1, .-, Jn,
respectively, such that:

M N
=1 . . ]=1
Ii1 n]l'2 = ¢;l1 * Ly, ]]1 n]jz = wﬁjl ¢j2'
I, #0,i=T1M. J;#0,j=TN.

Description of algorithm | (for solving problem (1)).

Suppose that at iteration k the points uﬁ')'i = 1,m and u* are already known. In order to determine the

following set of points w5} *,i = T,m and u*** the following steps are performed:

uk_+1 = {Pu(ué(l’) - h(i)k ) r]é{l))’ lf L€ Tik (3)
® uby, if i@, k=01,..
uk*l = py(uf —hy -n*), k=01, ... 4)
where:
ir=k—M- L3 + 1, (obviously, the index i), takes the consecutive values 0,1, ..., M);
M
[%] — the integer part of the ratio k/M;
I, = I, v {i*7*}, (i~" any element from I);
- {gr(ui‘g, )/ ||lgr @ty adll. if gr(ugy.a) # 0 )
NG . :
0, otherwise

where: gr(uﬁ-),qi) — is an arbitrary subgradient of the function r(u;,q;), computed at the point
ugy = uy, and || gr(ugy, q;)|| denoted the magnitude (the Euclidian norm) of this subgradient.
The vector n* from (4) is determined in the following way:

K gﬁk(uk)/||g§k(uk)||, for gR*(u*) # 0,
7= . . (6)
,otherwise.
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gR¥(u*) —an arbitrary subgradient of the function:
RE@w) = max {r(u, q:) — (ufy 1)} @
lk

computed at the point u = u*. The value i¥ represents the index i from I;, for which the value R (u*) is
attained (if there are multiple such indices, one is chosen arbitrarily).

Remark. Numbers i¥ and i, are not to be confused. Numbers h( and hy, represent the step sizes for
minimising the functions r(u, q;) and Rs(u), respectively, at iteration k.

It will be assumed henceforth that the sequences h;x, i = 1, m and hy, satisfy the conditions:

hyk, hie = 0; Ak, hye = 0; ®)
k=0 hyemsr =, =01,..,.M — 1; Y=o hy = .

Remark. For the M relations in (8) (for I = 0, M — 1) to hold, it is necessary that all the subsequences
{h(l-)k.MH}:):O, forl =0,1,...,M — 1, form divergent series.

Constructing such sequences is not difficult. For example, if a sequence {k;), } satisfies the conditions:

hay 2 0, Ry = 0, Xi2o by = o,
and the sequence {h;,} is to be defined in the following way:
haye = hay, forl-M <k < (1+ 1M — 1,

then the sequence {h; } has all of its subsequences in the form {h¢yx.p4:}, L = 0,1, ..., M — 1, with the
same properties as the sequence {A;y,}.

Theorem 1. Let U™ be the set of minimum points of problem (1). Under the conditions that requirements
(3)—(8) are satisfied, the following statements hold:

k _ Bk, kY — *
—O,Ill_r)gloR (u ) = Rg(u™). 9)

u —u*

lim min
k—oo u*eU*

Remark. The justification of the relations (9), with some modifications, is based almost entirely on the
proof of Theorem 1 in the work [3]. However, unlike [3], at each iteration k, the subgradient projection
method is not applied with respect to all states of nature, whose number can be quite large, but only with
respect to the states of nature corresponding to the subset of indices I; (one of the subsequences

11,1, ..., Iy) and the "representative" index, denoted i*~*, from the previous iteration (k — 1). Similarly,
with respect to these mentioned states, the value of the Savage function Rg(u) is evaluated through the
estimate R*(u), defined in (7). The requirement Y5, heyk-m+1 = 0,1 =0,M — 1, from (8), is necessary
to ensure the convergence, with respect to each state of nature g; € Q, of the sequences {ué‘i)},i € I, tothe
solutions u(;) and respectively, the value sequence {T(uﬁ')' qi)},i € I, to the minimal values r;*, regardless
of the chosen start points u?l-), i€

Description of Algorithm I1. Solving Problem (2).

As in the application of Algorithm I, the transition rules (3) and (4) are used to move from iteration (k)
to the following iteration (k + 1). However, in this case, the method for determining the vectors Tlﬁ') and

nkdiffers. Specifically:

grugy, g /|l gr@sy, adl| . if Fl(uy) < eqp and gr(ufy, q;) # 0,
kK _ ) =~ - s ~
@ = 9F () / aF s (wiy) Il if F(uty) > eqn and g (ugy) # 0, (10)
0, otherwise.
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Here:
i € Iik;

Fiy) = m]aX{F}-(u)}, jETL: (11)
T =Tj 0 U
ji‘l —isany element fromset/J,i = 1,m,;
£k — is the ceiling (tolerance threshold) with respect to the state of naturei q;, i € iik at iteration k.

je=k=N-|g]+1k=01,.

gR¥(uX)/||gR* (uk)||, if F*(uk) < e* si gR*(uk) # 0,
n* = gF*(uR) /|| gF* (k) ||, if F*¥(u*) > ek si gF*(u¥) =0, (12)
0, otherwise.
In (12) vectors gR*(u) si gF* (u) are arbitrary subgradients of the function R*(w) and F* (w), respec-
tively, computed at point u = u*. R¥(w) is defined in (7), nd F¥(w) = max{F;(u)} with respect to all
]

values j € J; = J; U{j*"}; j" —being an arbitrary element from the set J.

Next, it is necessary to identify the requirements regarding the parameters hg)k, hi, €k, - The
following conditions will be assumed:

h(i)kvhk > 0; Ekr €k > 0; h(i)k'hk!g(i)k'gk - 0;
h h
(l)k/g(i)k' k/gk - 0;

Y=o hyiem+i Epremer = 0,1 =01, M -1,
Lic=o hi " & = 0.

The following statement holds:

Theorem 2. Let U™ be the set of minimum points of problem (2). If the algorithm defined by rules (3)
and (4) is applied, with the additional conditions (10)—(14) imposed, then, with respect to problem (2), the
equalities (9) hold.

The proof of this theorem is based on the reasoning presented in Theorem 3 of [3] and on the results
related to minimax-type problems from the work [6]. At the same time, for a clearer understanding of how
the algorithm unfolds, as well as its convergence toward the optimal decision domain, the following remark
is considered necessary.

Remark. At the first M iterations (k = 0,M — 1) index i (which represents the states of nature) goes
through all the values from I; U {i*~1} (for k = 0), from I, U {i*~'} (for k = 1) and so on, from I, U
{i*=1} (for k = M — 1), and index j (which is associated with restriction j or with the function F;(w)) goes

through all the values from the set J; U {j{“l} consecutively to determine né“i) from (10) (i = 1, m) and goes

(13)

(14)

through all the values from the set J; U {j*~*}, to determine n* from (12).

For the following M iterations (k = M, 2M — 1) i takes consecutive values from the set I; U {i*~} (for
k = M), ..., from I; U {i*~1} (for k = 2M — 1), and index j from J, U {j¥~*} - to define (10) and, respec-
tively, from J, U {j*~'} — to define(12). And so on, for iterations k = (N — 1) - M, N - M — 1, similarly,
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index i, takes values from the set I; U {i*~1}, I, u {i*71},..., I, U {i*}, whereas index j — values from
Jn U {jf~*}, in order to determine the vector n(;, from (10) and values from J; U {j*~"} to determine vector

n* from (12). After N - M iterations, everything repeats except the numbers i*=1, j¥=* and j* can vary from
iteration to iteration.

Conclusion. The algorithms proposed in this paper were developed in order to minimise the Savage
function, which is a special function, especially because it is impossible to compute its exact values and the
values of its subgradients. Despite these difficulties, during the execution of the algorithms, estimations of
any desired a priori precision can be obtained for both the values of the Savage function and its subgradients.
This makes it possible (under certain conditions regarding the step size adjustments, and in more general
cases, also concerning the tolerance threshold values for constraint violations) to ensure convergence of the
algorithms toward the set of optimal decision alternatives.
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BeTyn. Y crarTi po3risHyTO 3a1a4y NPUAHATTS ONTUMATIBHUX PillleHb B yMOBaX HEBU3HAYCHOCTI ILIXOM
MiHimizanii ¢yskuii xaimo 3a CeBimxeM. L GyHKIIs 103BOIAE OLIHUTH BIAXMICHHS MK peabHUM pe3yJibTa-
TOM 1 HaWKpaIUM MOXIUBHM PE3yJIbTATOM MPH KOKHOMY MOXKIMBOMY CTaHi MpUpoau. Takuii miaxia € 0oco0-
JIMBO KOPUCHUM Yy CUTYallisIX, KOJIU 0c00a, 10 NpUiiMae pillleHHs, € CXWIBHOIO 1O YHUKHEHHS BEJIMKHUX BTPAT 1
MparHe 10 KOMIIPOMICHOTO pillleHHs], sSike 3a0e3euye HaliMEeHITHiIT MaKCUMAaIbHUHN JKaJlb.

3anponoHOBaHo JBa e(heKTUBHI YMCEbHI aITOPUTMH, IOOYI0BaHI HAa OCHOBI METOJy NPOEKILill cyOrpaie-
HTa. OCOOJIMBICTIO IUX AITOPUTMIB € Te, 0 Ha KOXKHI iTepallil po3riisaacThbCs JIMIe 0OMexeHa KUTbKICTh CTa-
HiB IIPUPOJH Ta 0OMEXKEHb, 1110 CYTTEBO 3MEHIITYe OOUNCIIOBATIbHI BUTPATH B IOPIBHSAHHI 3 KIIACHYHUMH MiJX0-
mamu. Y mepiriii MoJieli po3rISIaroThCs 3a/1adi 3 HEBU3HAUCHICTIO 0€3 CKIIQJHUX 00OMEXEHb, a Ipyra MoJieib
y3arajbHIOE MiIXiJ Ha BUIMAJKH 3 BEJIUKOIO KUIBKICTIO 3arajlbHUX 0OMexeHb. [ 000X allrOpUTMIB JOBEIECHO
301KHICTH /IO ONITUMAJIBHOTO PIllICHHS 3a MIEBHUX YMOB Ha MOCII0BHOCTI KPOKIB Ta BHOOPY i IMHOXKHH.

Takox y cTaTTi 3a3Ha4€HO, IO MiJl YaC BUKOHAHHS aJITOPUTMIB HE 00OB’SI3KOBO TOYHO OOYHCIIIOBATH 3HA-
yeHHs PyHKIIT ka0 Ta ii cyOrpalieHTiB — 3aMiCTh IIbOT0 BUKOPHUCTOBYIOTHCS alPOKCUMAIlii, K1 301ratoThCsl 10
ICTUHHHUX 3Ha4eHb. Lle poOUTH 3a1IponoHOBaHI METOAM MTPUAATHUMH JI0 IPAKTUYHOTO BUKOPHCTAHHS B CKIIAIHUX
pealbHUX YMOBAX, JIe TOYHE MOJICIIOBAHHS BCIX MOXIIMBHX CTaHIB MPUPOAH € HEMOXKIUBUM 200 €KOHOMIYHO
HEJIOLIJIbHUM.

VY moganpmnX JOCTIHKEHHSX ITaHYETHCS 3aCTOCYBaHHSI 3aIIPOTIOHOBAHUX aITOPUTMIB JI0 peabHUX 3a71ad
y rairy3sXx eKOHOMIKH, JIOTICTUKHU Ta ONEpaIlifHUX JOCHiIKEHb, 1 NpobiaeMa NPUHHATTA pillleHb B yMOBax He-
BU3HAYEHOCTI € 0COOJIMBO aKTyalbHOIO.

Meta po6oTu. Po3pobutu ta 00IrpyHTYBaTH €(eKTUBHI QJITOPUTMH U1 MiHiMi3awil QyHKIIT a0 y mpo-
recax MPUAHATTS pillieHb B yMOBaX HEBU3HAYECHOCTI, 3 ypaXyBaHHAM 3MEHIIECHHS 00UNCIIOBAIBLHOT CKIIQJIHOCTI
3a paxyHOK pOOOTH 3 MiZIMHOKUHAMH CTaHiB IPUPOIH Ta OOMEXKEHb.

PesyabTaTn. [Togano aBa anroputmu, 1mo 0a3yroThes Ha MOaH]iKOBaHOMY MeTOMdi cyorpasienTis. Ilep-
il aIrOpUTM OPiEHTOBAHUM Ha 3a1adi O0e3 CKIaIHUX 0OMeXeHb, APYTUil — Ha 3arajbHi oOMexxeHHs. JloBeneHo
30DKHICTH 000X METOJIB 10 ONTHMAJIBHOTO PIllICHHS. 3MEHIICHHS KUJIBKOCTI pO3paxyHKIB Ha KOXHIil iTeparii
JOCSTaeThes IUIIXOM POOOTH JIHMIIE 3 YACTHHOIO JJTaHUX, 110 J03BOJISIE 30epertu eheKTUBHICTh HABITh NPU BEIU-
Kifl KITBKOCTI CTaHiB.

BucHOBKH. 3apoNoOHOBaH] aNropuTMU 3a0e31euyloTh e()eKTUBHE BUPIIICHHS 3a1a4 IPUHHATTS PillleHb 3
ypaxyBaHHAM PU3UKY Ta HEBU3HAYEHOCTI. IX 3aCTOCYBaHHSA 0COGIMBO JOLIILHE B 337a49aX BEIHUKOr0 MacmTady,
Je TPaIMIiiiHI METOIM € 3aHaATO BUTPATHUMH. AJITOPUTMH JI03BOJISIOTH AlpPOKCHUMYBATH 3HAu€HHS (YHKIIT
JKaUTIo Ta i1 CyOrpa/lieHTiB 3 JOCTATHBOKO TOYHICTIO JUIA 3a0€3MeYeHHS 301KHOCTI.

Kawu4oBi ciioBa: npuiHATTS pillicHb, HEBU3HAYEHICTD, MiHIMI3allis ka0, QyHkiis CeBimpka, MeTo Cyo-
rpafi€HTa, OMyKJa ONTUMI3allisl.
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