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This article considers the traveling salesman
problem, which has been intensively studied and
widely used to solve frequently encountered
practical problems. The main solution methods
are analyzed theoretically and through
computational experiments. Exact methods have
exponential complexity and are therefore not
always suitable for large-scale problems.
Approximation algorithms are often used to
obtain near-optimal solutions in a reasonable
time. Methods for solving the traveling salesman
problem are being refined, and combined
algorithms are being developed. The traveling
salesman problem is a transportation-type
problem. This led to the idea of applying a natural
method to solve the traveling salesman problem,
using a modification of the Hungarian algorithm,
which is very effective for solving the assignment
problem. The novelty of this article lies in the
development of a new algorithm that significantly
exploits the properties of the Hungarian
algorithm to obtain a cyclic optimal solution.
Computational experiments have confirmed this
as a useful tool for real-world use in solving the
traveling salesman problem.

Keywords: traveling salesman problem, cycli-
cally independent elements, modified Hungarian
method.

© D. Terzi, 2025

UDC 519.157
D. TERZI
ON THE SOLUTION OF THE TRAVELING

SALESMAN PROBLEM BY A MODIFICATION
OF THE HUNGARIAN METHOD

DOI:10.34229/2707-451X.25.4.1

Introduction. We consider the traveling salesman problem
of visiting n specified cities, visiting each one only once
and returning to the point of departure, while minimizing
the cost of the path f. Let Cj; be the cost of the transition

from city i to city j. The problem is to find a permutation of
integers from 1 to n that minimizes the cost
f = Cil + Ci + Ci3i4 ot Cinil Of the I‘OUte

Numerous exact and approximate algorithms have been
developed to solve the traveling salesman problem [1-6].
Among the exact solution methods are the exhaustive
search method, dynamic programming, branch and bound
methods, and branch-and-cut algorithm. Instead of exact
algorithms, which are often impractical for large-scale
problems, approximate algorithms are used, which find
solutions close to the optimal one in an acceptable time.
Approximate methods for solving the traveling salesman
problem include various versions of the greedy algorithm,
in which at each step the transition of the lowest cost is se-
lected from a set of transitions from one point to another
that do not violate the correctness of the solution, as well
as versions of the k-opt local search algorithm, k=2, 3,...K.
2-opt, widely used in many combinatorial optimization
problems, amounts to removing two transitions from a tour
and inserting two new transitions with the condition that
the solution is cyclic [7, 10]. A tour is considered a local
minimum if it does not contain any pair of transitions
whose replacement would improve the solution; k-opt is
similar to 2-opt, but at each step k transitions are removed
instead of two. k-opt algorithms with small k can be
effective in solving traveling salesman problems for which
the corresponding assignment problem has an optimal
solution with k subcycles.

Another group of approximate metaheuristic algorithms
(Genetic Algorithm, Ant Colony Optimization, Simulated
Annealing) emerged from observations of special natural
phenomena [6, 8]. They are characterized by repeated ap-
plication of truth-like rules to achieve an acceptable ap-
proximate solution.
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Based on the above-mentioned methods for solving the traveling salesman problem, many different
variations, improvements, and combined algorithms have been constructed [10, 12].

Computational experiments [8—14] revealed the following features of the methods: a) for many methods
(including the branch and bound method) it is possible to construct such a problem (maybe even of small
size), that obtaining an exact solution will be difficult [1]; b) in the search for a solution (when some oper-
ations related to probabilistic calculations are used) at the initial iterations there is a rapid decrease in the
objective function, then a situation arises when with a large number of successive iterations the value of the
objective function stabilizes.

As a result of the analysis of many results of computational experiments questions and problems arise
about the choice of a method for solving the traveling salesman problem, about the need for a deeper under-
standing of existing approaches, new ideas.

Based on the hypothesis that for the traveling salesman problem, as a transport-type problem, it is pos-
sible to construct an exact polynomial algorithm, a natural approach is developed here based on the appli-
cation of a modification of the Hungarian method for solving the assignment problem [15-18].

The novelty of this method lies in its application of the Hungarian algorithm's essentially useful prop-
erty of introducing an independent zero into the solution at each iteration. When solving the traveling sales-
man problem, cyclically independent zeros are introduced into the solution, the number of which may be
less than the dimension of the original cost matrix.

The idea of modifying the Hungarian algorithm to solve the traveling salesman problem is as follows.

Let C be a cost matrix of order n containing only non-negative elements, with the diagonal elements
being sufficiently large numbers.

a) The matrix C is reduced by subtracting the minimum value for each row from each element in that
row; similarly, for each column, find the minimum element and subtract it from each element in that column.
This yields the reduced matrix D, in which each row and each column contains a zero element. The given
matrix D can also be obtained as a result of solving the assignment problem with matrix C. In matrix D, as
in the case of reduction, there will be at least one zero in each row and each column.

Definition. A set of independent cyclic elements (x;,y;), i :1,_k , is a set of elements of the matrix D,

D(x;, ), i:L_k , that form part of a cyclic substitution. An element (a,b) is called an independent cyclic

element if after adding it to the set of independent cyclic elements we obtain a new set of independent cyclic
elements, otherwise the element (a,b) is called dependent.

b) We select the maximum possible set of independent cyclic zeros from the set of all zeros D.
We form two matrices D; and D, . Matrix D; consists of elements of matrix D at the intersection of

rows x; and columns vy,;, containing the selected zeros. Matrix D, includes elements of matrix D at the
intersection of rows x, and columns Yy, , not containing the selected zeros.

¢) Introducing an additional independent cyclic zero. We find the minimum positive independent cyclic
element mnz and simply the minimum positive element mp of the matrix D, .

If mp is less than mnz, then we form two matrices D; and D, from the elements of D, . The matrix
D, consists of the elements of the matrix D, at the intersection of rows x5 from the set x, and columns
y3 from vy, , containing elements that are less than D, . The matrix D, consists of the elements of D, at

the intersection of rows x, from x, and columns y, from vy, , containing elements not less than mnz.
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d) The main transformation of the matrix D is carried out depending on the values of mnz and mp. In
the case of mnz=mp, we subtract mnz from each element of D, , and add mnz to the elements of D, . In the

case of mnz>mp, we subtract mnz from each element of D included in D,, and add mnz to the elements of
D at the intersection of rows with numbers from x; and x; and columns with numbers from y; and ys,.

The main transformation of the matrix D at each iteration of the algorithm is equivalent to constructing
an equivalent matrix {Dj; + p; +d;}, 1, ] =1,n, where p; and q; are specially selected numbers.

An algorithm for solving the traveling salesman problem using a modification of the Hungarian
method.

As in the case of solving the assignment problem using the Hungarian method, the possibility of ob-
taining additional independent zeros for solving the traveling salesman problem is possible using equivalent
transformations of the matrix C equivalent to D,

Dy =Cij+pi+q;, 1,]=1n, 1

where p;,q; are arbitrary numbers. Equivalent transformations of type (1) lead to coinciding optimal as-

signments of assignment problems with matrices C and D. A similar situation occurs in the traveling sales-
man problem.

The theoretical part and computational scheme for solving the traveling salesman problem are reduced
to constructing vectors p and q in order to increase the number of independent cyclic zeros from iteration to
iteration.

1. Formation of the traveling salesman problem for a minimum with the cost matrix {Ci-}, i, j=1n.
We consider the elements of Cj; to be non-negative numbers, Cj =Inf for i=j, where Inf is a

sufficiently large number.
2. The problem of choice with matrix C is solved. We obtain a solution in the form of a substitution

(is, Js). S =1,n, and a reduced matrix D = {Dij } i, j =1,n, in which each row and each column contains at

least one zero, D; ; , s=1n.

SjS !
3. If the solution to the (ig, js) is a cyclic permutation, then the traveling salesman problem is solved.

4. Start of iteration t.
5. We generate a cyclic solution (xv, yv) with the value fv from a non-decreasing sequence of elements

of the matrix D, selecting from all its zero elements as many independent cyclic zeros (x;, ),
D(x,4) =0, 7, :1,_h1 as possible.

6. We select the best solution based on the value of fv:

fopt = fv, Xopt =XV, Yopt = YV-

If the number of independent cyclic zeros satisfies the condition h; > n—1, then, due to the cyclicity of
(xv, yv) , the optimality of the solution (X, Yopt) Will follow.

7. Form two matrices D; and D,. Matrix D, consists of elements of matrix D located at the intersec-
tion of rows x;; and columns yy;, 1, ] =1,h; . Matrix D, consists of elements of matrix D at the intersection
of rows x,; and columns y,., i,j=1h,, h, =n—h,

Xo ={L2,...n}\x, Yo ={L2,...,n}\y;.
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In vector form D, =Dy (X, ¥1), D, =D, (X;,Y,). We will say that matrix D, consists of occupied el-
ements, and D, of unoccupied elements.
8. Determine the minimum cyclic independent element of the matrix D, ,

mnz =min D, (i, j) = D,(r,s) .
I<i, j<n

Note that if we introduce variables rt =x,(r) and st=y,(s), then we can write mnz = D(rt, st).
9. We determine the following values of the features nn,ne,zn and ze for mnz:
1, if mnz=0
nn= .
0, otherwise;
1, if mnz>0
ne = i
0, otherwise;
1, if matrix D, has a dependent
zn=| zeroandmnz>0;

0, otherwise
1, if matrix D, contains a dependent
ze=| element a>0,but smaller than mnz.

0, otherwise

10. Depending on the value of mnz and the values of its features, the method of transforming the matrix

D and adding independent cyclic zeros to the set (x;;, y4), 1 ] =1,h , is determined.

There can be three different cases:
1) nn=1;
2) ne=1 and at least one of the features zn or ze is equal to one;
3) ne=1, while zn and ze are equal to zero.
11. In the first case, if nn=1, then matrix D does not change, but matrices D; and D, change. Matrix

D, expands and consists of elements of matrix D at the intersection of rows from x; and rt and columns
from y,and st, and D, contracts and consists of elements of D at the intersection of rows x, \rt and
columns y, \st.

12. Select all independent cyclic zeros from the matrix D, , if there are any, repeating steps 8-11.

If the set (x;,y;) contains at least n—1 independent cyclic zeros, then an optimal solution is formed.

13. In the second case, if ne=1 and zn=1 or ze=1, then an independent cyclic positive element is
introduced into the set (x;,y;). To do this, all dependent zeros and positive elements smaller than the
minimum independent cyclic positive element mnz are crossed out with a minimum number of lines (rows
and columns). The numbers of the crossed out rows x, are entered into the set x,, and the numbers of the

crossed out columns y, are entered into the set y;. Thus, we obtain the updated x; and y;. Now we con-
struct the matrices D; and D, . At the intersection of the rows with numbers from x; and the columns with
numbers from y; of the matrix D, we obtain the matrix D;, and D, includes all the elements from D at the
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intersection of the remaining row numbers x, after removing x;, from N ={1,2,...,n} and the columns vy,
after removing y,; from the set N :
Xo=N\X, Y,=N\y,.

14. We carry out the basic transformation of matrix D : we subtract mnz, D(X,,Y,) = D(X,, Y,)—mnz ,
from all elements of matrix D included in D, , and add mnz, D(x, ¥;) = D(X, ¥;) + mnz , to all elements of
matrix D included in D;. The remaining elements of matrix B remain unchanged.

15. In the third case, when ne =1 together with zn=0 and ze =0, only the main transformation of
matrix D is carried out as in item 14, without preliminary transformations of matrices D, and D, as in
item 13, i.e. mnz is subtracted from the elements of D(x,,Y,), and mnz is added to the elements of
D(X;, ;) - The remaining elements of D do not change.

16. After the main transformation of the matrix D, as in paragraphs 14 and 15, its reduction is performed.
17. The iteration t of the algorithm ends with the calculation of the estimate of the value of the current
solution:
R =R +(n—Kk)*mnz +sm,

where mnz is the minimum cyclic independent element selected from the matrix D, , k is the number of
selected independent cyclic zeros at the current iteration, sm is the sum of the minimum elements of the
rows and columns after the reduction of the matrix D.

18. End of iteration t. The finiteness of the algorithm is established by constructing a matrix D equiva-
lent to the matrix C, with n independent zeros or for R, > fopt, where fopt is the value of the best cyclic
solution.

Computational experiments. The traveling salesman problems with a cost matrix of order n from 10
to 100 and of varying complexity, i.e. different numbers of subcycles in the optimal solution of the corre-
sponding assignment problem, were solved. The results obtained for one of the implementations of the al-
gorithm are presented in the Table, where i is the average number of iterations, t is the average time to solve
the problem.

TABLE. The results for one of the implementations

n 10 20 30 40 50 60 70 80 90 100
i 3 5 8 19 28 30 33 40 52 66
t, sec. | 0,2 0,4 1,0 4,3 11,2 | 18,8 | 37,2 | 80,7 |146,5 | 3209

Computational experiments have shown that the constructed algorithm allows obtaining exact solutions
and has the property of approximate algorithms, allowing finding good solutions for a sufficiently large n
in a relatively short time, linearly proportional to the dimension and the value of the maximum element of
the cost matrix, i.e. it is a useful tool that expands the possibilities of solving the traveling salesman problem.

Conclusion. An analysis of the results of numerous computational experiments on methods for solving
the traveling salesman problem shows that new ideas and further improvement of existing approaches are
required for its stable and accurate solution. In this sense, the idea of modifying the Hungarian method fits
within the framework of a natural method for solving the traveling salesman problem as a transportation-
type problem. A new exact algorithm for solving the traveling salesman problem has been developed, based
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on the useful properties of the Hungarian algorithm for efficiently solving the assignment problem. Com-
putational experiments on various implementations of this algorithm have been conducted, confirming a
number of computational advantages over the branch-and-bound method: the solution requires only input
information, requiring virtually no additional memory; the number of iterations to complete the computa-
tional process is in many cases almost proportional to the dimension of the input matrix of the problem.
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IIpo po3B'saA3anHs 3a1a4i KOMiBOsIZKepa MOAU(PIKALIEID YTOPCHKOT0 METOLY

Hepoicasnuii ynieepcumem Monoosu, Kuwunie
Jlucmysanns: terzidg@gmail.com

Betyn. 3anaga KoMiBOsDKEpa — BaKJIMBA MOZAEND JUIS MPOBEICHHS AOCIIHKEHb Y Pi3HHUX Taly3sax HayKH,
EKOHOMIKH Ta TeXHikd. [100y10Ba e)eKTUBHUX ATOPUTMIB JUIS MOLIYKY ONTUMAIBHUX PO3B’S3KIB — aKTyallbHE
3aBJaHHs. 3amada KOMiBOsDKepa Iie 3a/iadya TPAHCIIOPTHOTO THUITY i MPHUPOAHIM MiX0J0M JI0 ii po3B’sI3yBaHHS
MOXYTh OyTH alNrOpPHTMH, IO TPYHTYIOThCS Ha METOJax pO3B’s3yBaHHS TPAHCIOPTHHX 3ajad, 30KpeMa,
BapiaHTH YrOPCHKOTO METOY.

Mera. Po3poOka Moaudikallii yropcbKoro METOAY JUIsl pO3B’I3yBaHHS 3aja4ui KOMiBOsbKepa. Po3mmpenHs
MOXJTMBOCTEH TOUHHX METO/IIB PO3B'sI3yBaHHS 3a/1a4 TPAHCIIOPTHOTO THUITY.

PesyabTaTn. [lokazaHa MOJMIJIMBICTH PO3B’S3yBaHHS 3a/1adyi KOMIiBOsbKepa MOAUQIKAI[€0 yropchbKOro
METOIy JJIsl 3a/aui MpH3HAYEHHs. BBeIeHO MOHATTS HAOOPY IMKIIYHO HE3aNeKHUX ENIEMEHTIB Ta IUKIiYHO
HE3aJIC)KHOTO HYJIS JaHOT MaTpHii. Y IUX HOBHX TepMiHaxX BHKJIAJCHO i7ict0 Ta oAHY 3 ii peamizaniit. Byno
MPOBEACHO OOYUCIIOBANBHI eKCIIEpUMEHTH. Pe3ynbTaT BiJ0OPaxaloThCsi TPhOMA MOKa3HUKAMHU: CEPEAHBOIO
KIUJIBKICTIO iTepalliif Ta MPOIECOPHUM YacoM Uil HA0Opy 3a/1a4 3aJJaH01 pO3MIpHOCTI.

BucnoBku. ITorpeba po3poOKku ePEeKTHBHMX TOYHHX METOMIB PO3B’SA3yBaHHS 3a7adi KOMiBOsDKEpa
TPU3BOAUTD JI0 TIOSIBU HOBHIX 111e#, MiAX0/iB. Y IIOMY CEHCI KOPUCHUM € 3aCTOCYBaHHS MPUPOTHBOTO MiAXOMY
(3acHOBaHOTO Ha 3acCTOCYBaHHI METOMIB PO3B'SI3yBaHHS 3aJad TPAHCIIOPTHOTO THITY), OCKUIBKH 3ajada
KOMIBOSDKEpa € 3aJadel0 TPAaHCIOPTHOro THmy. Iloka3aHo, MO IPYHTYIOUHCh Ha MOMU(QIKAaIl yropchKoro
METOAY MOXHa OyayBaTH €(pEeKTHBHI METOAM OTPHUMAHHS TOYHOTO YW HAOJIMKEHOTO PO3B’SA3KY 3aJIC)KHO Bij
KOHKPETHOI CUTYaIli].

Kawuogi ciioBa: 3a7a4a KOMiBOSDKEPa, IUKIIIYHO HE3aJIC)KHI €lIeMEHTH, MOAH(DiKallis yropChKOTr0o METOLY.
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